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PREFACE. 



I AM led to oiBFer {he present translation to the public, 
from the conviction that such a work is very much needed 
in our Academies and Colleges. In fact, a long experience 
in teaching has convinced me that, one great difficulty 
which the young student has to encounter in the study of 
Algebra and the higher branches of analysis, results from 
the want of sound philosophical ideas on the fundamental 
properties of numbers, and from the fact that the funda- 
mental operations of Arithmetic are generally learned by 
rote, and not pursued as a system of close reasoning. 
Bourdon's treatise is the one adopted in the schedule of 
public instruction by the University of France. In pre- 
paring the translation, I have compared the seventh with 
the twenty-ninth Paris edition, and endeavoured to select 
the best methods of each. In this selection and arrange- 
ment, I have followed the outline of the lectures upon 
Arithmetic, delivered by the late Professors Bonnycastle 
and Courtenay, in the University of Virginia. The tables 
^ave been re-arranged, and a collection of examples an- 
nexed to the work. 

The portions of Bourdon's very complete treatise on 
the Extraction of Roots, Progressions, Logarithms, and 
their applications, I have left out, because they are very 
thoroughly discussed in the best treatises on Algebra 
adopted by our Colleges and Universities. I have followed 
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the author in introducing some few of the signs and pre* 
liminary definitions of Algebra. This usage the author 
well defends, as follows : — "To attempt to make known 
even some of the simple properties of numbers without 
employing the signs of algebra, is to present them in a 
manner very incomplete and little methodical. To use 
these signs to some extent, enables us to establish the con- 
nexion between these properties and their most important 
applications. Moreover, the discussion of these properties, 
a knowledge of which is essential to a thorough knowledge 
of arithmetic, cannot properly enter into the elements of 
algebra, without breaking the chain of theories which con- 
stitute this other branch of mathematics. In fine, the 
work is designed for those who wish to make the first steps 
in the career of a scientific or liberal education in .a sure 
and profitable manner." The translator hopes the present 
treatise will be a useful addition to the means of thorough 
instruction in the United States* 

0. S. V. 

LoNGWooDy Va., 1857. 
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ELEMENTS OP AEITHMETIC. 



FIRST PART, 



INTKODUCTION. 



1. We caU magnitude^ or quantity, ev^ry tbing which admits 
of iQcrea8e or dimintition. For example, lines, surfstoes, solids^ 
intervals of time, weights, are magnitudes. We can only form 
an exact idea of a magnitude by comparing it with another mag- 
nitude of the same species, and this second magnitude is called 
unity, in as much as it is to serve as a term of comparison for all 
magnitudes of the same species. Thus, when we say that a 
wall is twenty yards long, we are understood to have already ac- 
quired the idea of the unit of length called yard, and we sup- 
pose that, after having laid down the yard twenty times upon the 
length of the wall, we have arrived at the end. 

Unity J in mathematics, is then a magnitiide of any species 
whatever^ taJcen arbitrarily^ or in nature, which serves as a term 
of comparison for all magnitvdes of the same species. Whence 
it follows that there are as many species of units as of magni- 
tudes. 

The result of the comparison of any magnitude whatever with 
its unit, is called number. A number is called entire when it is 
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10 NUMERATION. 

the assemblage of several units of the same species or denomina- 
tion. Thus, twenty dollars, thirty pounds, eight, tWelve, fifteen 
units, of any sipecies whatever, are entire numbers. 

A fraction is a part of a unit. 

A fractional or mixed number is an assemblage of several 
units of the same denomination, and of .parts of this unit. 

2. When, in enunciating a number, we add at the end of 
that number the species of magnitude taken for the unit, the 
number is called concrete. Thus, five feet, fifteen hours, six 
leagues, are concrete numbers. The first time we pronounce a 
number, the only sense we can attach to it, is the representing to 
ourselves a unit of a certain denomination, to which we compare 
another magnitude of the same denomination. But, by degrees, 
the mind, which accustoms itself to abstractions, represents to 
itself a collection of any like objects, of which each one is unity. 
In this case the collection is called an abstract number, because, 
in enunciating it, we make abstraction of the species of unit to 
which we refer it. It is in this last light that we are to consider 
numbers, in the discus'sion of the methods relating to the differ- 
ent operations which we have to perform upon them, if we wish 
to establish these methods so as to be able to apply them to all 
possible questions. 

NTTMEEATIOlSr. 

8. The first researches on numbers should have, necessarily, 
for object, the giving them names easy to retain ; and, as there 
exists an infinity of numbers (since we can add to any number 
whatever, already formed, a new unit, which gives rise to a new 
number, also capable of being augmented by unity), it is neces- 
sary to find some means of expressing all numbers by a limited 
number of words, combined together in fit manner. Such is the 
object of spoken numeration, ^ 

Again, each one of the words which enter into the nomen- 
clature of numbers being expressed by several letters, it was 
found necessary to invent an abridged mode of writing these 
words and their combinations, in order that the mind might be 



NUMERATION. 11 

able to seize with more facility the reasonings which we are 
obliged to make upon the numbers. This is the object of written 
numeration, which consists in representing, by a ^mited number 
of characters or ciphers, the numbers enunciated in the ordinary 
language. 

4. Spoken Numeration, — Though the nomenclature of entire 
numbers is known, for the most part, to the young men for whom 
these elements are written, we think it best to give a succinct, 
yet methodical analysis of it ; for, the numeration which is adopted 
in nearly all countries, is founded upon this nomenclature. 

The first numbers are, one, two, three, four, five, six, seven, 
eight, nine. These numbers are called simple units, or, units of 
the first order. Adding a new unit to the number nine, we form 
the number ten, which we regard as a new denomination, or, spe- 
cies of unit called a ten, or, a unit of the second order. We 
count by tens in the same manner as we have counted by simple 
units. Thus, we say, one ten, two tens, &c., &c. ; ten, twenty, 
thirty, forty, fifty, sixty, &c. Between ten and twenty there are 
nine other numbers, which in English have the names, eleven, 
twelve, thirteen, fourteen, fifteen, sixteen, seventeen, eighteen, nine- 
teen ; names established by usage, showing by their derivation, 
the addition of the preceding simple units successively to the 
unit of the second order. 

Between twenty and thirty, there are also nine numbers, which 
are enunciated, twenty-one, twenty-two, &c. And thus we can 
enunciate all the numbers up to ninety-nine. This last number, 
augmented by one, gives ten tens, or the number one hundred, 
which we regard as a new unit, or unit of the third order; and 
we count by hundreds as we have counted by units and tens. 
Thus, one hundred, two hundred, &c. Placing successively 
between the words hundred and tiao hundred, two hundred and 
three hundred, eight hundred and nine hundred, and, after nine 
hundred, all the numbers comprised between one and ninety- 
nine, we form the names of all the numbers, from one hundred 
to nine hundred and ninety-nine. We can see that, in the enun- 
ciation of all these numbers, we have employed only the generic 
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termS; ontj two, thrtt^ fcmxy five, uXy ieveny eighty niney ten, hun- 
dred, and words easily derivable from these. 

Adding one po the number nine hundred and ninety-nine, wc 
obtain a collection of ten hundreds, or the number thousand, 
which forms the unit of the fourth order. Haying reached this 
number it is agreed, in order not to mi^^tiply words too much, to 
regard thousand as a new principal unit, before the name of 
which we place the names of the nine hundred and ninety-nine 
first numbers. Thus, we say, one thousand, two thousand, nine 
hundred and ninety-nine thousand, A ten thousand forms the 
unit of the fifth order ; a hundred thousand forms the unit of 
the sixth order. 

Now, placing between two consecutive numbers of the denomi- 
nation thousand, as twenty thousand and twenty-one thousand, the 
names of ati the niunbers of lower denomination than thousands, 
it is clear that we can thus enunciate all the numbers up to nine 
hundred and ninety-nine thousand, nine hundred and ninety- 
nine. This last number, augmented by one, gives ten hundred 
thousand, or, a thousand thousand, to v^ich collection the name 
million has been given ; in the same manner the collection of 
thousand millions b called billions; the collection of thousand 
hiUions is called trillions, and so on to infinity. 

We count by millions, hUlions, and trillions, as we have counted 
by thousands ; and it is easy to see that, by joining to the generio 
words indicated above, the words million, billion-, trillion, quatr- 
iUion, quintillion, we will form the nomenclature of all imagi- 
nable entire numbers. We observe, in order to terminate this 
part of the subject, that the million is the unit of the seventh 
order, ten millions are units of the eighth order, hundred mil- 
lions, units of the ninth order, 

6. Written JVwwtcraf ion.— Though the above nomenclature is 
very simple, still we would find much trouble in combining toge- 
ther two or more large numbers, unless we had some abridged 
mode of writing them. This is easily arrived at by reflecting a 
little upon the nomenclature. We observe at once, that, among 
the words employed to express numbers, the one part, as one, ten'. 
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NtTMBRATION. 13 

hundred, thousand, ten thousand, &c., express the units of dif- 
ferent orders, while the words, one, two, three, nine, express 
how many times each of these sorts of units enter into a number. 
This being established, if we agree to represent the first nine 
numbers by the characters or ciphers, 

12 3 456 7 8 9 

one, two, three, four, Jive, six, seven, eight, nine, 

the whole difficulty consists in finding a means of making these 
ciphers express the different orders of unity which compose the 
proposed number. Then, establishing this principle (purely con- 
ventional), that evert/ figure placed to the left of another, expresses 
units of the order next higher to those of the other figure, or, in 
other words, that when several characters, signifying the first nine 
numbers, are written one after another, then the first figure to the 
right expresses simple units, the next on the left, tens, the third 
figure counting from right to left, hundreds, the fourth^ thou- 
sands ; it is easy to see that, in general, we can represent all num- 
bers by the aid of the preceding characters. 

Character 0. — While this is true in general, nevertheless, 
there are numbers which the preceding convention fails to repre- 
sent, unless we agree to use an additional character. If we un- 
dertake to write in figures the numbers, ten, ttoenty, thirty, &c., 
these numbers containing no simple units, we are compelled to 
adopt a character which has no value by itself, but which serves 
to hold the place of the units of the order which is wanting in 
the number enunciated. This cipher is 0, and is called zero. 
By the aid of this cipher, the numbers, ten, twenty, &c., are 
expressed by 10, 20, 30, 40, &c. 

In the same manner, the numbers, one hundred, two hundred, 
&c., which contain neither simple units nor tens, are written thus : 

100, 200, 300. 

In general, the zero is a cipher which haa no value by itself, 
but which we employ to hold the place of the different orders of 
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unity which may he wanting in the number to he written. The 
other characters are called significant figures^ and have two 
values; the one we call absolute, and is no other than that of the 
figure itself considered alone; the other, we call relative, which 
the figure acquires according to the pkoe which it occupies to 
the left of other figures. 

Now, if we reflect that every number is composed of simple 
units, of tens, of hundreds, &c.; that the collection of units of 
each order is equal to nine ; that, in the case where a number is 
deprived of certain orders of units, we have a character to hold 
their places, we will see at once that there is no entire number 
which cannot be expressed by the aid of a certain combination 
of the ten characters : — 

1, 2, 3, 4, 5, 6, 7, 8, 9, 0. 

Take the example, thirty-six billions, five hundred millions, 
twenty thousand, four hundred and seven. 

This number contains seven simple units, no tens ; four hun- 
dreds, no ones of thousands ; two tens of thousands, no hundreds 
of thousands ; no ones of millions, no tens of millions, five hun- 
dreds of millions ; six ones of billions, and three tens of billions ; 
then the number will be represented by 365000 20 407. 

The system of numeration which we have just explained, has 
received the name of the decimal system, because we employ ten 
figures to express all numbers. Ten^ or the number of characters 
employed is called ike base of the system. . 

6. Let us make, now, an important observation : it results from 
the nomenclature, that every number can be divided into hun- 
dreds, tens, and simple units; into hundreds, tens, and ones of 
thousands ; into hundreds, tens, and ones of millions, etc. ; that 
is to say, into sets of simple units, thousands, millions, &c., each 
set expressed by three figures, except the last, which is that of 
the units of the highest order, and which cannot have more than 
two figures, and sometimes contains only one. When, then, we 
have become familiar with the manner of writing the numbers of 
three figures, it is sufficient to write, successively, the different 
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NUMERATION. 15 

sets one to the left of the other; the set of units, the set of thou- 
sands, the set of millions, &c. We can even commence at the 
left; that is to say, write first the set of the units of the highest 
denomination, and, to the right of this, the other sets in the order 
of the magnitude of their units. It is thus that we ought to write 
a number dictated in ordinary language. But it is necessary to 
take care not to omit the zeros destined to replace the orders of units 
which are wanting ; and there can never be any difl&culty, since we 
know that each set, except the first to the left, must always con- 
tain three figures. Suppose, for example, that we have to write, 
by aid of our characters, four "hundred and six bilNonSj twenty- 
eight miUions, two hundred and fifty thousand, and forty-eight. 
Write in succession, each to the right of the other, the period 
of billions; the period of millions; the period of thousands; 
and, lastly, that of simple units; we will have 406, 028, 250, 048. 

7. It is upon the preceding observation that the following 
means of translating into ordinary language, any number what- 
ever written in figures, is founded. • 

After having separated the number into periods of tlyree figures 
each, commencing at the right, enunciate successively each period, 
setting out from the first period on the left, and taking care to 
give to each pe|iod the name which belongs to it. 

Example : 70345601. This number, being divided 70,345,601, 
is- composed of seventy 'millions, three hundred and forty-five 
thousand, six hundred and one. 

8. It remains for us still, in order to complete the theory of 
enumeration, to show the mode of writing fractions by means of 
figures. But we must first give a clear and precise idea of frac- 
tions, such as we consider them in arithmetic. 

Let us suppose that we have to determine the length of a piece 
of cloth. Taking the unit of length called yard, and. applying 
it as many times as possible to the length of the piece, two cases 
may occur, either, after the unit has been applied a certain number 
of times — 15 times, for example, nothing will remain — or, we will 
obtain a remainder less than the yard. In the first case, the piece 
will contain an entire number of yards. In the second case, it will 
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be necessary in order to have the whole length of the piece, to add 
to these 15 yards the fraction or part of the yard which remains. 
But how value this part ? how compare it to the unit ? We can 
first conceive this unit separated into two equal parts or halves; 
and, if the remainder is exactly equal to one of these halves, we 
say that the piece of cloth is 15 yards and one Tialf long. 

If the remainder is less or greater than a half yard, we con- 
ceive this half divided into two new equal parts, called quarters. 

Instead of dividing the unit into two or /our equal parts, we 
can conceive it to be divided into three equal parts called thirds, 
&c., &e. 

Whence, we see that in order to form a clear idea of a fraction 
of a unit of any denomination whatever, it is necessary to con- 
ceive that this unit be divided into a certain entire number of 
equal parts, and that we take one, two, three, &c., of these parts; 
these parts thus taken, constitute what is called b. fraction. Thus, 
the enunciation of a fraction involves necessarily two entire 
numbers, to wit: — tMit which denotes into how many parts the 
unit has f^een divided, called the denominator ; and that which 
denotes how many of these parts are necessary to form the frac- 
tion, called the numerator. For example, five-eighths of a yard, 
thirteen-twentieths of a pound, are fractions. In the first, we 
conceive the yard divided into eight parts, and that we take five 
of these parts to form the fraction, eight is the denominator, and 
five the numerator. . . . (We see that in the spoken numeration 
of fractions the numerator remains unchgnged in name, while 
the denominator is generally changed by the addition of th.) 

It results, also, from the above, that a fraction is a magnitude 
referred to a part of the principal unit, which part we can con- 
sider itself as a particular species of unit. Thus, the fraction 
thirteen-twentieths of a yard, being composed of thirteen times 
the twentieth of a yard, this twentieth is a particular unit, which 
the proposed fraction contains thirteen times. This being estab- 
lished, two fractions are said to be of the same species when their 
denominator is the same, (the original or compound unit being 
likewise the same). For example, five4welfths and seven-twelfths 
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of a yard are fractions of the same species ; but three-fourths and 
two-thirds of a pound are fi'aotions of different species or deno- 
minations, because the denominators are different. 

In order to express a fraction in figures, we place the numera- 
tor above the denominator, with a line between. Thus, the frac- 
tion three-fourths is denoted by |, seven-twelfths by j\. 

Reciprocally, |, ||, represent the fractions, seven-eighths,* 
thirteenth-fifteenths, that is to say, we enunciate the numerator, 
and then the denominator, and add the termination — thy to the 
latter. 

X 

CHAPTER I. 

9. Arithmetic has, for it special object, to establish fixed and 
and certain rules for performing all possible operations upon 
numbers. It embraces, besides, the study of a great number of 
properties which hslve been discovered during the researches made 
in order to arrive at these methods, or to facilitate the use of them. 
We will now explain these operations in their order, recollecting 
that, in order to render the methods independent of every sort of 
question, it is best to consider the numbers as abstract numbers. 

Nevertheless, in the applications designed to familiarize begin- 
ners with the methods, we can propose questions also relating to 
concrete or denominate numbers, 

OPERATIONS ON ENTIRE NUMBERS. 
ADDITION. 

10. To add or sum up several numbers^ is to unite all these 
numbers into a single one; or, to form a number which contains 
in itself alone as many units as there are in the different numbers 
taken separately. 

The result of this operation is called the sum, or total. The 
addition of numbers of a single figure offers no diflGiculty. It is 
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done unit by unit. Children learn thus to make these additions 
by means of their fingers, and fix the results in their memory. 
In this way, for example, they find thirty to be the sum of 
6, 7, 8, 4, and 6; or, that 42 is the sum of the numbers 
7,9,6,5,8,7. 

OPERATION. 

Let now the numbers to he added he 7,453 7,453 
and 1,534. 1,534 

After having written the numbers, one under 8,987 
another, with a line under them, we commence 
with the simple units, and say, 3 and 4 make 7, which we place 
under the units. Passing to the tens, 5 and 3 make 8, which we 
write under the tens. Then, 4 and 5 make 9, which we write 
under the hundreds. Lastly, 7 and 1 make 8, which we write 
in the column of thousands. 

The number, 8,987, found by this operation, is the sum of 
the two given numbers, since it contains their units, their tens, 
their hundreds, and their thousands, which we have summed up 
successively. 

OPERATION. 

Again, let it be proposed to add the four num- 5,047 
bers, 5,047, 859, 3,507, 846. We write them 859 

one under the other, and, commencing with the 3,507 
units, 7 and 9 make 16, and 7 make 23, and 6 846 

make 29. We place the nine simple units under 10,259 
the first column, and retain the two tens, in order 
to add them to the figures of the next column, which are also 
tens. Passing to the next column, we say that the two reserved, 
and 4 make 6, and 5 make 11, and make 11, and 4 make 15. 
We write the 5 in the column of tens, and retain the 1 hundred 
which we carry to the column of hundreds. Operating upon 
this column, as upon the preceding, we find 22 hundreds, or 2 
hundreds, which we write under the hundreds, and 2 thousands, 
which we retain in order to carry them to the column of thou- 
sands. Lastly, 2 reserved, and 5 make 7, and 3 make 10. We 
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place the under the thousands and advance the 1 to the left, 
which gives 10,259 for the required sum. 

General Rule. — In order to add severed, numbers together, 
commence by writing them one under another, so that the units 
of the same order may be in the same column. Add then 
successively the figures which compose each one of the vertical 
columns, commencing witK the column of simple units, passing 
to the columns which are on the left: write below the line 
the sum of the figures of each column, provided the sum is 
expressed by a single figure. But if it exceeds 9, in which 
case it is expressed by several figures, of which the last to the 
right represents the units of this column, and the others to the 
left tens of the same order, write only the figure of units below 
the column, and reserve the tens in order to add them to the figures 
of the column immediately to the left. When you have operated 
in this manner upon all the columns, you will obtain the sum 
required, because it results from the union of the units, tens, 
hundreds, &c., which enter into the given numbers, 

11. Remark. — ^If the sum of the figures in each column does 
not exceed nine, we could commence the operation equally well 
by the addition of the units of the highest order as by the addi- 
tion of the simple units. But as it happens oftenest that several 
of these sums exceed nine, if we commence on the left, we will 
often be obliged to return upon our steps, in order to correct a 
figure already written, and increase it by as many units as we 
shall have obtained from the tens of the following column in 
operating upon that column. For this reason it is best in all 
cases to commence on the right rather than on the left. 

SUBTEACTION. 

12. To subtract one number from another is to seek the' excess 
of the greater number over the less. The result of this operation 
is called remainder, excess, or difference. So long as the numbers 
proposed consist only of a single figure, the subtraction is easy 
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Thus, the difference between 9 and 6 is 3. We can easily sub- 
tract a number of a single figure from a number which does not 
exceed twenty. Thus, take 7 from 13, there remains 6, since by 
what we have learned in addition, 7 and 6 make 13. In the 
same manner, 9 from 17 there remains 8, because 8 and 9 make 
17. These operations, which suppose only the exercise of the 
memory upon the addition of numbers of a single figure, serve 
as a basis for the subtraction of numbers of several figures. 

Let it he required to subtract 5467 from 8789. 

OPBSATIOir. 

After having placed the smaller number under the 8789 
greater, and underlined the whole, we say, com- 6467 
mencing with the simple units, 7 from 9 leave 2, which 3322 
we place in the column of simple units ; passing to the • 
tens, 6 from 8 leave 2, which we write in the column of tens; 
the same operation finally upon the hundreds and thousands, 4 
from 7 leave 3, and 5 from 8 leave 3, gives 3322 for the re- 
quired remainder. For by the nature of the operations which 
have just been performed, we see that the greater number con- 
tains more than the second, 2 simple units, 2 tens, 3 hundreds, 
3 thousands, and consequently exceeds the smaller by 3322. 

Let us propose for a second example, to find the difference 
which exists between the two numbers, 83456 and 28784. 

opxRjLnoir. 
Having arranged the numbers as in the preceding 83456 
example, we say, first, 4 from 6 leave 2, which we 28784 
write under the units. But .when we pass to the 54672 
column of tens, we meet with a difficulty : the lower 
figure, 8, is greater than the upper one, 5, and consequently 
cannot be subtracted. In order to overcome this difficulty, we 
borrow mentally from the hundreds figure 1 hundred, which 
equals 10 tens, and add it to the 5 tens which we have already, 
giving us 15 tens ; we then say, 8 from 15 leave 7, which we 
write in the column of tens. Passing to the column of hundreds, 
we observe that the upper figure, 4, ought to be diminished by 1, 
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spice we have borrowed this unit in the preceding subtraction ; 
we say, then, 7 from 3, which is impossible ; but we borrow, as 
before, 1 thousand, which equals ten hundreds, giving 13 hun- 
dreds, and take 7 from 13, which gives 6, to be written in the 
column of hundreds. Passing to the thousands, 8 cannot be 
taken from 2 ; but 8 from 12 leave 4, to be written in the column 
of thousands. Lastly, as the figure 8, of tens of thousands, on 
account of the 1 just borrowed, ought to be replaced by 7, we 
say, 2 from 7 leave 5. Thus, the remainder, or the excess of 
the greater number over the less, is 54672. 

In order to understand how, by this means, we arrive at the 
end proposed, it is sufl&cient to remark that, according to the 
artifices employed td effect the partial subtractions, we can ar- 
range the two numbers in the following manner : — 

'Tens of thousands, thousands, hundreds, tens, units. 

1st number, 7 12 13 15 6 

2d number, __^ 8 7 8 4 

5 4 6 7 2 

From this we see that the upper number exceeds the lower 
one by two units, 7 tens, 6 hundreds, 4 thousands, and 5 tens 
of thousands — or exceeds it 54672 units. 

Let it he proposed, for example, to subtract 158429 from 
300405. 

OPXBATIOir. 

99 9 

As 9, the units figure of the lower number, is 300405 
larger than 5, the corresponding figure of the greater, 158429 
we have to borrow 1 ten from the first figure to the 141976 
left; but this figure being 0, it is necessary to have 
recourse to the figure 4, of hundreds, from which we borrow 1, 
which equals 10 tens ; and since we have need of only a single 
ten, we leave 9 of them above the ; we then add 1 ten to 5, 
which gives 15, and say, 9 from 15 leave 6, which we write 
under the units. Passing to the tens, we say, 2 from 9 leave 7. 

For the hundreds, as the upper figure, 4, has been diminished 
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by the 1 wliich we borrowed, and as we cannot take 4 from 8, 
we have recourse to the next figure to the left ; but that and the 
figure which is to its left being zeros, we borrow 1 from the next 
significant figure, 3. This 1 equals 10 of the order following, and 
100 units of the order thousands ; and since we have need of 
only 1 unit of this order, we leave 99 of them, which we place 
above the two zeros ; adding 1 thousand to the 3 hundreds, it 
becomes 13 hundreds, and we say, 4 from 13 leave 9, which we 
place under the column of hundreds. 

In the two following subtractions, each one of the zeros being 
replaced by a 9, we say, 8 from 9 leave 1, and 5 from 9 leave 4. 
Passing to the first column to the left, we say, 1 from 2 (for the 
figure 3 is diminished by 1) leaves 1. Th'us we have for tho 
required remainder 141976. 

If we reflect upon the manner in which the greater number 
has been decomposed, we can arrange the opera,tion thus : — 

hundreds of thooB., tens of thous., thous., hundreds, tens, units. 

1st number, 2 9 9 13 9 15 

2d number, _1 5 8 4 2 9 

1 4 19 7 6 

Then the greater number exceeds the less by 6 units, 7 tens, 
9 hundreds, 1 thousand, 4 tens of thousands, 1 hundred thou- 
sand, or by 141976. 

General Rule. — Bi order to perform the subtraction of two 
numbersj place the less number under the greater, so that the 
units of the sam^ denomination fall in the same column ; then 
underline the two numbers; subtract then successively, units from, 
units, tennfrom lens, hundreds from hundreds, dec., and write the 
partial remainders one to the left of another; the number 
formed by these remainders is the total remainder, or the result 
required. 

When a figure of the lower line is greater than the figure above 
it, augment mentally this last figure by 10 units, and diminish 
the figure to the left of it by one unit. 
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If immediately to the left of an upper figure less than the one 
below, corresponding f there are one or more zerosy increase this 
figure above mentallt/ always by 10 units ; but in the following 
subtractions replace the Os by 9s, and diminish by a unit the 
upper significant figure which is immediately to the left of these 
zet*os. 

13. First Remark, ^^If each one of the figures of the lower 
number is less than the corresponding figure of the greater, we 
could commence the operation indifferently at the right or left. 
But as it often happens that one of the figures of the less num- 
ber exceeds the figure of the greater above it, the partial subtrac- 
tion cannot be effected without borrowing from one of the figures 
to the left of that one with which we are operating; for this 
reason it is necessary to commence on the right, in order to bor- 
row when there is need of it. 

14. Second Remark. — It is clear that instead of diminishing 
by one unit the figure from which we have borrowed it, we can 
leave this figure unchanged, provided we augment the corres- 
ponding figure below by one unit. This manner of operating is 
in general more convenient in practice. 

Thus, in the last example, after having said for the simple 
units, 7 from 11 leave 4, instead of saying for the tens, 8 from 9 
leave 1, we say, 9 from 10 leave 1 ) in the same manner, instead 
of saying for the hundreds, 7 from 13 leave 6, we say, 8 from 14 
leave 6, and so on for the rest. 

But when we employ this modification, we must be careful to 
augment the lower figure only when we have been obliged to 
borrow in the subtraction of the preceding figures. This modifi- 
cation is used particularly in division. 

VERIFICATION OP ADDITION AND SUBTRACTION. 

15. We call the verification of an arithmetical operation, 
another operation which we perform in order to convince our- 
selves of the accuracy of the first. 
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The verification of addition is effected by adding anew, but 
commencing at the left hand. After having formed the sum of 
the figures in the first column on the lefty we subtract it from 
that part which answers to it in the sum total; we write down 
the remainder J which we reduce mentally/ into units of the ord^r 
of the following figure^ in order to join them to the units of this 
order in the sum total. In the same manner we sum up the 
second column on the left, and subtract this partial sum from the 
corresponding part of the sum total; we continue this operation 
to the last column ; the last subtraction leaves no remainder. 

Thus, after having found that the four numbers, 

5047 

859 
3507 

846 



have for their sum 10259 

in order to verify the result 2120 

we add the same numbers commencing on the left. We say, 6 
and 3 make 8 thousands, which we subtract from 10 thousands, 
leaving 2 thousands for remainder; which, with the figure 2 
hundreds, make 22 hundreds; then 8 and 5 make 13, and 8 
make 21, which we take from 22, which gives for remainder 1 
hundred, which, joined to 5 tens, forms 15 tens ; 4* and 5 make 9, 
and 4 make 13 ; 13 from 15, there remains 2, which, joined 
to the 9 units following, gives us 29 ; lastly, 7 and 9, and 7 and 
6 make 29 ; 29 from 29 and nothing remains ; then the operation 
is exact. 

Tlie verification of subtraction is effected by adding to the 
smaller number the remainder found by the operation ; and it 
IS evident that we ought thus to reproduce the greater number, 
since this remainder is nothing more than the excess of the 
greater number over the less. 
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Thus, in tlie annexed examples, after baying 83466 

found that 54682 is the excess of the greater , 28784 

number over the less, if we add this excess to Eem. 54682 

the number 28784, we ought to obtain the iVoo/" 83466 
number 83466 — which we do in fact obtain. 

16. Here we give some examples of addition and subtraction, 
with their verifications. 





Additions. 




83054 




700548 


256870 




897597 


748759 




6588 


90874 




69764 


130909 




407300 


8746 




987846 


1819212 




1207047 


tH^H^ 


SubtrojctionB. 


4276690 


4073050062 




20004001003 


2803767086 


• 


8405128605 


1269282976 


11598872398 


4073050062 


20004001003 



Problem, — A hanker had in his chest a sum q/* $65,750; he 
gave one person 913,259 ; to a second, $18,704 ; to a third, 
922,050 ; to a f&wrth, $9850 ; what was the state of his chest after 
these payments f 



Solution, — After having summed up the four sums sueces- 
riyely paid, we subtract the sum total from that which he had, 
8 



26 MULTIPLICATION. 

and the result of the subtraction will be what ought to rentMn in 
his chest. Thus, 

13259 65750 

18704 63863 

22050 $1887 what he has left. 
9850 



We remark, that in eflfecting the preceding addition and sub- 
traction, we have considered the given numbers as abstract, al- 
though they were denominate numbers according to the enuncia- 
tion of the question ; but, arrived at the result, 1887, we have 
given it the name of the species of unit which the numbers 
expressed in the enunciation. We must always perform the 
operations in this manner, when we wish to apply the results 
of the operations to questions in denominate numbers. The 
results being altogether independent of the nature of the nuin- 
bers, we consider them in a point of view purely abstract, except 
in giving to the final result the name of the unit which the 
enunciation of the question indicates. 

MTOTIPLICATION. 

17. To multiply one number hy another, is to compound a 
third number with the first, as the second is compounded with 
unity. Then, if the two given numbers are entire numbers, 
to multiply them is, to take the first as many times as there are 
units in the second. 

We call the result of multiplication, product; the number to 
be multiplied, multiplicand; and the number by which we mul- 
tiply, multiplier; which denotes how many times we are to take 
the first. The two numbers bear jointly the name of factors of 
the product. Properly speaking, multiplication is nothing else 
than addition ; for, in order to obtain the result, it would suffice 
to write the multiplicand as many timea as there are units in the 
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multiplier^ and tben add all tlieae numbers together. But this man- 
ner of operating would be very long, if the multiplier was composed 
of several figures ; we are then to seek a method of simplifying 
it, and it is in this abbreviation that multiplication consists. 

18. As long as the two factors are expressed, each one by a 
single %ure, their product is obtained by the successive addition 
of the multiplicand to itself; thus, in order to multiply 7 by 5, 
we say, 7 and 7 make 14, and 7 make 21, and 7 make 28, and 7 
make 35 ; this last number being the result of the addition of 
five numbers equal to 7, expresses the product of 7 by 6. 

Beginners will do well to exercise themselves in this sort of 
multiplication ; for they ought to impress the results upon the 
memory, if they wish subsequently to obtain easily the product 
of numbers expressed by several figures. Nevertheless, for those 
who are sufficiently exercised, all that is necessary is to give a 
table called the multiplication tahle^ or table of Pythagoras, from 
the name of its inventor, or at least from him who first brought 
it into public use. 



1 


1 ^ 


3 


1 4 


5 


1 6 


7 


1 8 


9 


2 


4 


6 


1 8 


10 


|12 


14 


|16 


18 


3 


1 6 


9 


|12 


15 


|18 


21 


|24 


27 


4 


1 ^ 


12 


|16 


20 


|24 


28 


|32 


36 


5 


1 10 


15 


|20 


25 


30 


35 


40 


45 


6 


1 12 


18 


|24 


30 


|36 


42 


|48 


54 


7 


|14 


21 


|28 


35 


42 


49 


56 


63 


8 


1 16 


24 


|32 


40 


48 


56 


|64 


72 


9 


|18 


27 


|36 


45 


54 


63 


172 


81 



The first horizontal row of this table is formed by adding 1 to 
itself up to 9 ; the second, by adding 2 to itself; the third, by 
adding 3 ; and so on for the rest. We remark, moreover, that 
the same arrangement is made in the vertical columns. Each 
vertical column, taken in order, is compose^ of th€ same num- 
bers as each horizontal row. Thus, the sixth horizontal row is 
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composed of 6, 12, 18... 54, and the sixth yertical column u 
composed of the same numbers, 6, 12, 18... 54. 

That being established, when we wish to obtain the product 
of two numbers from this table, we seek the multiplicand in the 
first horizontal row, and go down from this number vertically, 
until we arriye at that one which is opposite to the multiplier, 
which we find in the first vertical column. This number, con- 
tained in the little square, is the product. For example, in order 
to find the product of 8 by 5, we descend from 8, taken in the 
first horizontal row opposite to 5 in the first vertical column, and 
the number 40 in the litUe square is the required product 

19. Suppose, now, that the multiplicand consists of several 
figureSy and the multiplier of a single Ji^re, 
epKEAnoir. 

8459 Let it be proposed to multiply 8459 by 7. We 

8459 could (17) obtain the result by writing one under an- 
8459 other seven numbers equal to 8459, and adding suo- 
8459 cessively the simple units, the tens, hundreds, &c., 
8459 together. We would thus find 59213 for a result. But 
8459 it b evident that this is nothing more than taking 
8459 7 times the 9 units of the multiplicand, 7 times the 5 
59213 tens, &c., and then to take the sum of all the pro- 
ducts. 
8459 Thus, aftet having placed the multiplier, 7, under 

7 the multiplicand, we say, 7 times 9 make 63, (see 
59213 table of multiplication), or 6 tens and 3 units; we 
place the 3 under the units, and reserve the 6 tens in 
order to add them to the product of the tens of the multiplicand 
by 7. We thus say, 7 times 5 make 35, and 6 make 41 tens, or 
4 hundreds and 1 ten ; we place 1 in the column of tens, and 
reserve the 4 hundreds ; 7 times 4 make 28, and 4 make 32 
hundreds, or 3 thousands and 2 hundreds; we place 2 in the 
column of hundreds, and retain the 3 ; lastly, 7 times 8 make 
56, and 3 make 59 ; we write down the 9, and carry the 5 one 
place to the left, because there are no more figures in the multi- 
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plicand to be multiplied. We find tlnis, 69213 for the required 
product. 

Whence we see that, in order to multiply one number of 
several figures hy another of a single figure^ we must multiply 
successively the units, tens, hundreds, dhc, of the multiplicand by 
the multiplier, and vrrite these different partial products in the 
columns to which they belong, taking care at each partial multi- 
plication, to reserve the tens in order to add them to the tens, the 
hundreds in order to add them to the hundreds, &c, 

OPE&ATIOH. 

Let it be proposed as a second example to multiply 37008 

37008 by 9. We say, first, 9 times 8 make 72 ; we 9 

write 2 in the column of units, and reserve the 7. 338072 
Then 9 times give ; but we have reserved 7 from 
the preceding operation, so we write these 7 tens in the column 
of tens ; 9 times make ; we write in the rank of hundreds, 
since there are none, and since it is necessary to preserve the 
place of hundreds ; then 9 times 7 make 63 ; we set down 3 and 
reserve 6 ; lastly, 9 times 3 make 27, and 6 make 33 ; we set 
down 3, and advance 3 one place to the left. Thus, the required 
product is 333072. 

20. Before passing to the case in which the multiplier is com- 
posed of two or more figures, we will explain the method of 
rendering a number 10, 100, 1000 times greater, or of multiply- 
ing it by 10, 100, 1000. 

It results from the fundamental principle of numeration (5), 
that if we place a to the right of a number already written, 
each one of the significant figures of the number being thus 
advanced one step towards the left, expresses units ten times 
greater than before. In the same manner, by placing two O's to 
the right, we render it 100 times as great, because each signifi- 
cant figure expresses units 100 times as great. 

Then, in order to multiply any entire number whatever by 10, 
100, 1000, <Scc,, it sfuffices to annex 1, 2, ^,.,. zeros, 
3* 
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S49S720 

6£KiT4400 

4ST>i40000 
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could prove by a similar course of reasoning, that, in (»^er to 
multiply by 5000, it suffices to multiply by 5, to annex three 
zeros to the product, and write the result, 437340000, thus ob- 
tained, below the three first products. Performing now the addi- 
tion of these four partial products, we find at last the total pro- 
duct, 511425396. 

N. B. — In practice, we dispense ordinarily with adding the 
zeros to the right of the partial products, found by multiplying 

by the figures in the tens, hundreds, .places; but we write 

each partial product below the preceding product, advancing it 
one place to the right with reference to this product ; that is to 
say, we make its last figure occupy the same column which the 
figure by which we multiply, occupies. 

General RuIiE. — In order to multiply a number of several 
figures by a number of several figures — Multiply first the multi- 
plicand hy the units figure of the multiplier, after the rule of 
(19) ; multiply in the same manner the whole multiplicand suc- 
cessively hy the tens figure, hy that of hundreds, <kc», considered 
as simple units, and vyrite the partial products one under the 
other, so that each one is advanced one column to the left, with 
reference to the preceding; then add these products; the re^lt 
will be the total required product. 

22. Often some of the figures of the multiplier are zeros, and 
then it is necessary to make some modifications in the arrange- 
ment of the partial products. 

OPKRATION. 

Multiply 870497 

By 500407 

We multiply, first, the whole multiplicand by 6093479 

7, which gives for a product 6093479. Now, 3481988 

as there are no tens in the multiplier, we pass 4352485 
to the multiplication by 4, the hundreds figure, 435602792279 
which gives the product, 3481988 ; and, since it 
is necessary to make it express hundreds, we place it under the 
first product, advancing it two columns to the left. In like man- 
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ner, as there are no thov^ands, nor tens of thousands in the mul- 
tiplier, we pass to the multiplication by 5, the figure in the place 
of hundreds of thousands, and write the product, 4352485, under 
the preceding, advancing it three places to the left, with reference 
to that one. 

In general, when there are one or more zeros between two 
significant figures of the multiplier , we advance the product 
corresponding to the significant figure, which is to the h/t of these 
zeros, one more column to the left than there are zeros between the 
figures. 

In fine, in order to avoid all error on this subject, we must 
take care at each operation that the last figure of each partial 
product falls in the column of units of the. same order as that of 
the figure hy which we multiply, 

23. If one of the two factors of the multiplication, or both, 
are terminated by zeros, we abridge the operation by multiplying 
them as if the zeros were not there ; but we place them at the 
end of the product. 

EXAMPLE. 

opJHuinov. 

Multiply .^ 47000 

By \ 2900 

After having multiplied 47 by 29, according to 423 

the known method, we annex 5 zeros to the right 94 



' 



of the product, and thus obtain 136300000 for 136300000 
the required product. For, if we had at first to 
multiply 47000 only by 29, it would be necessary to make the 
product express thousands (i. e.) units of the same species as the 
multiplicand; thus we ought to add 3 zeros. But to multiply a 
number by 2900, is (21) to take 100 times the product by 29 ; 
then we must add two new zeros. The same reasoning applies to 
all similar cases. 

24. But little reflection on the method of multiplication will 
convince us of the necessity of commencing the operation on the 
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liglity at least in the partial mvltipllcation hy each one of the figures 
of the multiplier^ because of the reservations of figures which 
we frequently make in multiplying each figure of the multipli- 
cand by each figure of the multiplier. 

But nothing prevents us from inverting the order of the partial 
multiplications by the diflferent figures of the multiplier, as we 
can see in the following example. 

We have here commenced the multiplication with oferatioh. 
the hundreds figure of the multiplier; but in the 5704 
following operation we have taken care to advance 487 

the product one column to the right. In the same 22816 
manner the third product is advanced one place to 45632 
the right with reference to the preceding. Usage 39928 

alone requires us to form the products from right to 2777848 
left; it is also the more natural and convenient method. 

25. We will close the subject of multiplication by the ex- 
planation of several properties, of which we will often have to 
make use. ' 

1st. Let it he required to multiply ^^^b hy 72, equal to 8 mvl- 
tiplied hy 9. We say, that to multiply 345 by 72, is to multiply 
345 by 9, and the result by 8. 

In order to establish this proposition without performing the 
operations, we must employ a mode of reasoning analogous to 
that employed in (21). To multiply 345 by 72, is to sum up 72 
numbers equal to 345. But these 72 nAnbers, written one under 
another, form evidently 8 divisions of 9 numbers, equal to 345 ; 
then, after having multiplied 345 by 9, we must take this product 
8 times. Thus, to multiply 345 by the product 72 of the two 
factors, 9 and 8, is to multiply 345 by 9, and the new result by 8. 
As 9 is itself equal to the product of 3 and 3, we can say, that 
to multiply 345 by 72, is to multiply 345 by 3, the result obtained 
by 3, and finally the new result by 8. As we can apply this rea- 
soning to other numbers, this general proposition results from it: 
to multiply a number by a prodv>ct of two or more numbers 
already formed^ amounts to the same thing as multiplying the 
number by each one of the factors succes»iv 
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26. — 2d. In a multiplication of two factors, toe can take in- 
differently the first number /or multiplicand^ the second for mul- 
iiplier, or reciprocally/ In other terms — the product of two 
numbers is the same in whatever order we perform the operation. 

Thus, the product of 469 by 237, is equal to tiie product of 
237 by 459. 

For, let us conceive unity written 1, 1, 1, 1, 1, 

459 times in a horizontal line, and let 1, I, 1, I, I, 

us form 237 of these lines ; it is clear 1, 1, 1, 1, 1, 

that the sum of the units contained in 1, 1, 1, 1, 1, 

such a figure is equal to as many times 

the 459 units of a horizontal row as 

there are units in a vertical column, or 

in 237, (i. e.) that this sum is equal to the product of 459 by 237. 
But we can say also, that this sum is equal to as many times the 
237 units of the vertical column as there are units in a horizontal 
row, or in 459 ; that is to say, is equal to the product of 237 by 
459. Then, &c. If the nature of a question corfducts to the 
multiplication of 76 by 56*12, according to the proposition which 
we have just demonstrated, we would prefer to take the product 
of 5672 by 76, because in that case we would only have two 
partial products to form, while in the other operation we would 
have to form four of them. This proposition will be demonstrated 
for any number whatever of factors. 

Divisioir. 

27. To divide one number by another, is to find a third num- 
ber ^ whi-chy multiplied by the second, will reproduce the first ; or, 
in other terms, being given the product and one of the factors, to 
determine tJie other factor. As in the multiplication of entire 
numbers, the product is composed of as many times the multipli- 
cand as there are units in the multiplier, we can also say, that, 
to divide one entire number by another, is to seek how many 
times the first number, considered as a product, contains the se- 
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condj considered as multvpUcand ; tbe number of times is then 
the multiplier. Finally, we can afeo say, that, to divufe a number 
hy another y is to divide the first number into as many equal parts 
CCS there are units in the second. 

These last two points of view, under which we sometimes con- 
sider division, pertain only to entire numbers, while the two first 
pertain to all possible numbers, whether entire or fractional. 
Nevertheless, the names given to the terms of division have been 
drawn from these last two points of view. 

Thus, the first number is called dividend, the second is called 
divisor, and the third quotient, from the Latin word quoties; 
because it expresses how many times the dividend contains the 
divisor. 

It results, obviously, from the first two definitions, that when 
we have obtained the quotient, in order to make the verification 
of the operation, it will suffice to multiply the divisor by tho 
quotient ; and, if the operation has been exact, we will thus re- 
produce the dividend.* 

Reciprocally in multiplication, the product may be considered 
as the dividend, the multiplicand as the divisor, and the multi- 
plier as the quotient ; thus, we make the verification of multipli- 
cation by dividing the product by one of the factors ; and if the 
- open^tion is exact, we ought to reproduce the other factor. These 
ideas being established, we pass to the explanation of the method 
of division. 

28. In the same manner as multiplication can be effected by 
the addition of a number several times to itself, we can also find 
the quotient of a division by a series of subtractions. 

For, let it be required to divide 60 by 12. As many times as 
we can subtract 12 from 60, so many times is 12 contained in 
60. Thus^ the quotient is equal to the number of subtractions 
which we can make before the dividend is exhausted. 
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60 In ibis example, as we are obliged to make 5 

12 subtractions, it follows that the quotient is 5, But 

Ist rem, 48 this manner of performing ike division would be 

12 too long in practice, especially if the dividend was 

2d rem. 36 very great in comparison with the divisor. It is 

12 in the art of abridging the operation that the or- 

Sd rem* 24 dinary method of division consists. 

12 29. From the feet that we know by heart the pro- 
4:th rem, 12 ducts of two numbers of a single figure, we can 
12 determine easily the quotient of the division of a 
5th rem, number of one or two figures by a number of a 
single figure. 
For example, 35 divided by 7, gives for a quotient 5. This 
we know, because we know that 7 times 5 give 36. We say, 
also, in this example, that the 7th of 35 is 5, because 7 times 5 
make 35. Suppose, again, that we have to divide 68 by 9. As 
7 times 9, or 63, and 8 times 9, or 72, comprise 68 between 
them, it follows that 68, divided by 9, gives for the quotient, 7, 
with a remainder, 5 ; or the 9th of 68 is 7, -with a remainder, 5. 
In like manner, 47 contains 8, 5 times, with a remainder 7 ; 
because 5 times 8 gives 40, and 6 times 8 gives 48. 

We will see farther on what is to be done with the remainder, 
when the divisor is not contained exactly in the dividend. 

30. Let us consider the case in which the dividend is com- 
posed of any number of figures, the divisor containing but a 
single figure. 

Divide 6766453 by 8. 

6766453)8 

64 845806 
36 

32. Proof by multiplication. 
46 845806 
40 8^ 

~M 6766448 

64 5 



053 6766463 

_48 
6 
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After having written the divisor to the right of the dividend, 
and separated them by a vertical line, we draw below the divisor 
a horizontal line. This arranged, We see at once that, if we place 
(mentally) to the right of the divisor, 8, five zeros, (i. e.) multi- 
ply it by 10,000, then six zeros, or multiply it by 100,000, the 
two products, 80,000 and 800,000, are the one smaller, the other 
greater than the dividend. Whence we conclude that the quo- 
tient demanded is comprised between 10,000 and 100,000 j that 
is to say, is composed of six figures, and that thus the highest 
units of the quotient are hundreds of thousands, of which we 
must find the figure. 

Now, as the product of the divisor by the figure sought cannot 
give units of a lower order than hundreds of thousands, it fol- 
lows, that this product is contained wholly in tJie 67 hundreds 
of thousands of the dividend ; and if we divide 67 by 8, which 
gives the quotient 8 for 64, and the remainder 3, we can affirm 
that the figure of hundreds of thousands in the quotient is 8. 
In fact, 800,000 times 8 gives 6,400,000, a number which can 
be subtracted from the dividend, 6766453 ; while 900,000 times 
8, or 7,200,000 cannot be so subtracted. The figure 8 being thus 
determined, we place it under the divisor; then we subtract the 
product 8 by 8, or 64 from 67, and conceive the remaining 
figures of the dividend to be written to the right of the remain- 
der 3, which gives 366453 for the total remainder of this first 
operation. (This first operation is evidently nothing more than 
subtracting from the dividend 800,000 times the divisor, or is 
equivalent to 800,000 successive subtractions of the divisor 8.) 
It would seem necessary to write on the right of the quotient 
already obtained, five zeros, in order to give it its true value ; 
but we avoid this by the arrangement which we will make of the 
following figures of the quotient. 

We must now determine the figure of tens of thousands of the 
quotient. Since the product of the divisor by this figure cannot 
give units of an order inferior to tens of thousa*nds, it is con- 
tained wholly in the 36 tens of thousands of the remaining divi- 
dend. It suffices then to bring down to the side of the remain- 
4 
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der^ 3^ the following figure, 6, of the divideDd ; then to divide 36 
bj 8, which gives the qnotient, 4, for 82, and the remainder, 4. 
We write this quotient, which expresses necessarily the tens of 
thousands of the whole quotient, on the right of the first quo- 
tient, 8 ; then, after having subtracted 4 times 8, or 32 from 36, 
we bring down to the right of the 4, the next figure of the divi- 
dend, which gives 64. (This new operation, which amounts to 
subtracting 40,000 times 8, or 320,000 from 366,453, is equiva- 
lent to 40,000 new successive subtractions of the divisor, 8.) 

In order to obtain the ones of thousands of the whole quo- 
tient, we divide 46 by 8 ; the quotient is 5 for 40, and the re- 
minder, 6. We write this new quotient, 5, to the right of the 
first two ; then, after having subtracted 5 times 8, or 40, from 46, 
we bring down to the right of the remainder, 6, the next figure, 

4, of the dividend, which gives 64. (This third operation is 
equivalent to 5000 successive subtractions of the divisor, 8.) 

In order to obtain the figure of hundreds of the total quotient, 
we divide 64 by 8, which gives 8, and 0, for remainder; we write 
the new quotient to the right of the three first ; then, after having 
subtracted 8 times 8, or 64 ^m 64, we bring down to the right 
of the remainder, 0, the next figure of the dividend, which gives 

05, or simply 5. 

Here a particular case presents itself; as the new partial divi- 
dend, 05 or 5, which is to give the tens of the quotient, is less 
than the divisor, 8, we must conclude that the total quotient has 
no tens, (and in fact the remaining dividend is 53, a number less 
than 10 times 8, or 80.) 

We place, then, a in the quotient to the right of the four 
figures already obtained, in order to replace the tens which are 
wanting, and preserve the relative value of the preceding and 
following figures ; we then bring down to the right of the re- 
mainder, 5, the next and last figure of the dividend, and con- 
tinue the operation. The quotient of 53 divided by 8, being 6 
for 48, we write this figure to the right of the first five quotients 
already found ; we then subtract 48 from 53, which gives at Uist 
5 for the remainder of the entire operation; and the requred 
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qnotient is 845806, which we can easily verify by multiplying 8 
by 845806, or rather 848806 by 8, and adding the remainder, 5, 
to the product thus obtained. (All the operations which haye 
been performed in effecting this division are equivalent, evidently, 
to 800,000, then 40,()00 subtractions, then 5000, then 800, then 
6, or 845806 successive subtractions, in which the divisor, 8, is 
constantly the number to be subtracted.) 

31. We will not establish for the case of division which we 
have just discussed, a general rule founded on the preceding 
reasoning, because there exists (for this case only) a practical 
method, more convenient and more simple in reference to the 
arrangement of the calculations. Let us take again the above 
example : 

6766453 to be divided by 8. 
Quotient, 845806; remainder, 5. 

We know already (No. 27) that to divide a number by 8, or to 
seek how many times 8 is contained in this number, amounts to 
dividing the number into 8 equal parts, or taking the eighth of 
it. This being fixed, taking the two first figures to the left of 
the dividend, 67, we say, the eighth of 67 is 8, with the re- 
mainder, 3. We write the quotient, 8, under the figure, 7, of 
the dividend; then we place, mentally, the remainder, 3, ex- 
pressing 3 hundreds of thousands, or 30 tens of thousands, to 
the left of the figure, 6, of the dividend, which expresses also 
tens of thousands ; we say, as before, the eighth of 36 is 4, with 
remainder 4. We write the second quotient, 4, to the right of 
the first; placing again, mentally, the remainder, 4, expressing 
4 tens of thousands, or 40 thousands, to the left of the thousands 
figure, 6, of the dividend ; we say, again, the eighth of 46 is 5, 
with the remainder, 6 ; we write the third quotient, 5, to the 
right of the preceding; continuing in the same manner, we say, 
again, the eighth of 64 is 8, with the remainder, 0, and we write 
the fourth quotient, 8, to the right of the third. The eighth of 
05, or 5, is 0, with the remainder, 5 ; we write this fifth quotient 
to the right of the fourth. Finally, the eighth of 58 is 6, with 
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the remainder, 5 ; we write to the right of tiie fifth quotient the 
sixth and last partial quotient, which thus falls beneath the units 
figure of the dividend^ and we have for the result the quotient, 
845806, with the remainder, 5. 

Second example : 

8230200409 to be divided by 6. 
Quotient, 1371700068 ; remainder, 1. 

Here, the first figure on the left of the dividend being greater 
than the divisor, we see that the quotient ought to have units of 
the same order as those of the figure 8 ; and we say, the sixth of 
8 is 1, which we write under the figure 8, with the remainder, 
2 ; then the sixth of 22 is 3, which we place to the right of the 
figure 1, with the remainder, 4. 

The 6th of 43 is 7, with the remainder, 1. 

The 6th of 10 is 1, with the remainder, 1. 

The 6th of 42 is 7, with the remainder, 0. 

The 6th of is 0, with the remainder, 0. 

The 6th of is 0, with the remainder, 0. 

The 6th of 4 is 0, with the remainder, 4. 

The 6th of 40 is 6, with the remainder, 4. 

Finally, the 6th of 49 is 8, with the remainder, 1. 

The required quotient is then 1371700068, with the remain- 
der, 1. 

It is very important to understand thoroughly this method, 
because it finds its application in the case of division, which is 
yet to be discussed. 

Wc will observe, moreover, that when we know by heart the 
multiplication table as far as the number 12, we can obtain very 
easily, by the same method, the 10th, 11th, and 12th, of any 
number whatever. 

EXAMPLES. 

1st. 897614708497, to be divided by 12. 
Quotient, 74801225708, remainder, 1. 
(The 12th of 89 is 7, with remainder, 5 ; the 12th of 57 is 4, 
with remainder, 9 ; the 12th of 96 is 8, remainder, ; &c., &c.) 
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.2d. 23054273896, to be divided by 11. 
Quotient, 2095843081 ; remainder, 6. 
(The 11th of 23 is 2, with remainder, 1 ; the 11th ef 10 is 0, 
with remainder, 10; the 11th of 105 is 9, with remainder, 
6 ; &c., &c.) 

As to the division by 10, instead of applying the method, it is 
simpler to separate in thought the last figure to the right of the 
dividends The part to the left expresses the quotient, and this 
last figure separated (which can be 0), is the remainder of the 
division. This is an evident consequence of the system of nu- 
meration. 

Thus, the 10th of 2710548 is 271054, and the remainder, 8 ; 
the 10th of 863005704 is 86300507, and remainder, 4; the 10th 
of 3805670 is exactly 380567 ; results which can be found also 
by the application of the method above. 

32. Let us pass to the case in which the given numbers being 
both composed of several figureSy the quotient is to have one only. 

This case deserves, of itself, particular aUention ; and it will 
serve us, besides, as a basis for the development of the general 
case. 

Let it be given to divide 730465 by 87467. 
730465 1 87467 
69973618 



30729 

We remark, first, that the product of the divisor by 10, or 
874670, is greater than the dividend ; thus, the quotient sought 
is less than 10, and can have only one figure. 

In the second place, the product of 8 tens of thousands of the 
divisor by the figure sought, as it cannot give units of an order 
inferior to tens of thousands, must be found wholly in the 73 
tens of thousands of the dividend ; whence it follows, that the 
figure sought cannot exceed the quotient of the division of 73 
by 8. We are then conducted to the division of the part, 73, 
on the left of the dividend, by the first figure, 8, of the divisor, 
4* 
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wliicli gives the quotient, 9. Bnt 9 is evidently too large ; for, 
in the multiplication of the whole divisor by this figure, we find, 
in multiplying the thousands figure, 7, of the divisor, by 9, 63 
units of this order, and, consequently, 6 tens of thousands, to be 
added to the 72 tens of thousands, product of the fij^t figure, 8, 
of the divisor, by the same figure, 9 ; which would give 78 tens 
of thousands, a number greater than the dividend 

It is not necessary, then, to try any figure higher than 8, as 
figure of the quotient required. Effecting the multiplication of 
87467, by 8 (which we have placed under the divisor), we ob- 
tain a product of 699736, less than the dividend ; which proves 
that the quotient, 8, is correct. On subtracting this product 
from the dividend, as the operation shows, we find for remainder, 
30729. 

Again, divide 974065 by 189768. 
974065 1 1897 68 
948840 1 5 



25225 

As the dividend and the divisor are composed of the same 
number of figures, it is clear that the quotient ought to have 
only one figure ; and in order to find it, we divide, first, the first 
figure on the left of the dividend, 9, by the first figure, 1, on 
the left of the divisor. The quotient is 9 ; but this figure, and 
the next lower, 8, 7, 6, are too large, if we consider the two first 
figures, 18, on the left of the divisor; for the products of 18, 
by 9, 8, 7, 6, being 162, 144, 126, and 108, all surpass the 97 
tens of thousands of the dividend. This leads us to try tho 
figure 5. 

On multiplying the divisor by 5, we have the product, 948840, 
which, subtracted from the dividend, gives for remainder, 25225, 
a number smaller than the divisor; which proves that the quo- 
tient, 5, is not too small. 

33. In the two preceding examples, we have been able to de- 
termine pretty easily what was the true figure of the quotient ; 
but as this is not always the case, it is important to have a me- 
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thod of ascertainiDg, without effecting the product of the divisor 
bj the quotient, whether the trial figure is the true one. We 
will DOW develop this method. 

Particular method of trial. 
Given, 556428, to be divided by 69784. 
556428 1 69784 
488488 1 7 

T7"940 

The diyision of 55 (the two first figures on the left of the 
dividend), by 6 (the first figure on the left of the divisor), gives 
9 for quotient, with the remainder, 1. 

In order that 9 may not be larger than the quotient sought, 9 
lames the divisor must be less, or, at most, equal to the dividend ; 
or, which is the same thing, the 9th of the dividend must be 
greater, or at least equal to the divisor. 

We then commence to take the 9th of 556428, after the me- 
thod of (31). We find for the two first figures on the left, 61 
tens of thousands, a number less than 69 tens of thousands of 
the divisor, which shows that the 9th of the dividend is less than 
the divisor; 9 ought then to be rejected. We next try 8. We 
find for the three first figures of the 8th of the dividend, 695 
hundreds less than the 697 hundreds of the divisor; then 8 is 
too large. We now try 7. The first figure of the 7th of the 
dividend is 7, greater than 6, the first figure of the divisor. 
Whence it follows, that the 7th of the dividend is greater than 
the divisor ; or, in other terms, that the product of the divisor 
by 7, is less than the dividend. Thus, the figure 7 is the true 
one. Multiplying the divisor by 7, and writing the product, 
488488, below the dividend, then effecting the subtraction, we 
obtain the remainder, 67940, a number smaller than the divisor. 

Another Example, 

Given, to divide 1148367 by 169987. 
1148367 1 1 69987 
101992216 

~128445 
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The division of 11 by 1, would give 11 for a quotient; bufc 
the required quotient cannot be greater than 9^ since the -divisor^ 
multiplied by 10, would be a larger number than the dividend. 

Let us try 9 ; the 9th of the dividend is 12 ... . smaller than 
the divisor, 16 We therefore reject the 9. 

The 8th of the dividend is 14 less than 16 ... . We 

therefore reject 8. 

The 7th of the dividend is 164 .. ^. less than 169 of 

the divisor. We then reject 7. 

The 6th of the dividend is 19 ... . greater than the divisor, 
16; thus, the figure 6 is the true one. Multiplying the divisor 
by 6, and subtracting the product, 1019922, from the dividend, 
we obtain the remainder, 128445, smaller than the divisor. 

The course to be pursued in this method of trial is evident 
from the exposition of the last example. We stop as soon as we 
obtain a figure greater or less than the COTresponding figure of 
the divisor. If it is greater, we can affirm that the trial figure 
is the trae one ; if less, we know that the trial figure must be 
diminished. 

We add, that all these trials can be made mentally, without 
writing anything. 

It could happen (but rarely), that we reproduced thus suc- 
cessively all the figures of the divisor, in arriving at a remainder 
necessarily less than the trial figure, and possibly 0. We would 
then have not only the required quotient, but also the remainder 
of the proposed division, which would be nothing else than this 
final remainder. 

We recommend especially the exercise of this method of trial, 
as a means of avoiding all difficulty in any case whatever. 

34. Second Remark, — We have seen in all which precedes, 
that after having determined a figure of the quotient, we proceed 
to multiply the divisor by this figure, to write the product below 
the dividend, and to effect the subtraction, placing the remainder 
uiidi-r this product. But we can employ a method of abbrevia- 
tion which we will now explain. 



1 
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Let ns take the first example discussed in (32.) 
730465 1 87467 
307:^9 1 8 

This method of abbreviation consists in forming the product 
of the divisor by the figure 8 of the quotient, mentally, and in 
writing only the remainder below the dividend. To accomplish 
this, we must subtract, successively, from the units, tens, hun- 
dreds, &c., of the dividend, the products of the units of the 
same order of the divisor by the quotient, as fast as we form them 
mentally. Thus, in the example above, we have at first to sub- • 
tract from the 6 units of the dividend the product, 56, of the 
quotient, 8, by the 7 units of the divisor ; but as this subtraction 
is impossible (which will generally be the case), we add mentally 
6 tens to the 5 units, with the express reservation of adding, by 
way of compensation, these 6 tens also to the product of the 
quotient, 8, by the tens of the divisor (to be subtracted in its 
turn) ; we form thus the number 65, from which we subtract 56, 
which gives for a remainder, 9, which we write below the units 
of the dividend. Passing to the tens figure of the divisor, 6, 
we say, 8 times 6 give 48 tens, which, augmented by 6 tens 
(reserved in the last operation), make 54 tens to be subtracted 
from the 6 tens of the dividend. In order to perform the sub- 
traction, we add 5 hundreds (tens of tens), to these 6 tens, 
making 56 tens, from which we subtract the 54 tens, and write 
the remainder, 2, under the tens of the dividend. Continuing 
thus, we say, 8 times 4 hundreds make 32, and 5 (which were 
added in the preceding operation), make 37. This cannot be 
subtracted from 4 ; but 37 from 44 leave 7, which we write under 
the hundreds of the dividend. 

In the same manner, 8 times 7 make 56, and 4 (added in the 
preceding), make 60 ; 60 from 60 leave 0, which we write under 
the thousands of the dividend. Finally, 8 times 8 make 64, and 
6 make 70 ; 70 from 73, leave 3. The total remainder is then 
30729. 
Let us take, again, the second example. We abridge the dis- 
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cussioD, making use of the expressions oommonlj used in prac- 
tice (though often incorrect). 

974065 1 189768 
2522515 

Having found 5 the true figure of the quotient, we say, 5 times 
8 make 40 ; 40 from 45, leave 5, and carry 4 (understood, in 
order to add them to the following product) ; 5 times 6 make 30, 
and 4 make 34 ; 34 from 36, 2 remain, and carry 3 ; 5 times 7 
make 35, and 3 make 38 ; 38 from 40, remain 2, and carry 4 ; 
5 times 9 are 45, and 4 make 49 ; 49 from 54 leave 5, and carry 
5. Finally, 5 times 18 make 90, and 5 make 95 ; 95 from 97 
leave 2. The total remainder is, 25225. 

N. B. It is very important, at each partial operation, to say, 
carry such a figure, in order not to forget the number which, by 
compensation, is to be added to the foUowing product. 

35. We have thus very fully discussed the simple cases of divi- 
sion, because, having once mastered these thoroughly, also the me- 
thods belonging thereto, of abbreviation and trial, the pupil will 
find no difficulty in comprehending the general case which we will 
now discuss, namely, where the dividend^ the divisor j and the 
quotient y contain any number of figures. 

GENERAL CASE OP DIVISION. 

Given, to divide 9176298 by 2678. 



9176298 


2678 


VerificiUvm by mvUiplication. 


11422 


3426 


2678 


7109 




8426 


17538 




16068 


1470 




5356 
10712 
8034 
1470 



9176298 



DITISION. 47 

We arrange here the parts c^ the division; the quotient, the 
successive remainders, according to the indications which pre- 
cede ; then we reason as in (No. 30). 

If we place mentally three zeros, and afterwards four zeros to 
the right of the divisor, we obtain two products, 2678000, and 
26780000, the one less, the other greater than the dividend. 
Thus, the total quotient is comprised between 1000 and 10,000, 
or must be composed of four figures, of which the first to the left 
expresses fhoustmds. In order to find this first figure, we observe 
that its product by the divisor, inasmuch as it is thousands, is to 
be found wholly in the part, 9176 thousands of the dividend. 
We are then led to divide 9176 (which we consider as a first 
partial dividend), by 2678 ; and the greatest number of times 
that the second number is contained in the first, represents the 
thousands figure of the total quotient. Now, the true quotient 
of 9176, by 2678, obtained according to the method of trial in- 
dicated in (33), is 3. We write, then, 3 below the divisor; we 
next subtract from the dividend, the product of the divisor, by 3, 
either by placing this product below the partial dividend, and 
subtracting, or (No. 34), effecting simultaneously the subtraction 
and the multiplication, as the table above indicates. (This first 
operation amounts, evidently, to subtracting 3000 times the 
divisor from the dividend.) 

The remainder of this first subtraction being 1142, if we write 
after it the figures of the dividend, which have not yet been used, 
there would result a new dividend, upon which we could operate 
as upon the primitive dividend ; but, as we have now to deter- 
mine the hundreds figure of the quotient, and as the product of 
the divisor by this figure cannot give units of a lower order than 
hundreds, it must be contained wholly in the 11422 hundreds 
of the remaining dividend ; so we bring down to the right of the 
remainder, 1142, only the following figure, 2, of the dividend ; 
which gives a second partial dividend, 11422, upon which we 
operate as on the first. 

The true quotient of the division of 11422, by 2678, is 4, 
which we write below the divis(»r, and to the right of the first 
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quotidnt obtained. We tbcD subtract from the second partial 
dividend^ the product of the divisor, by the new quotient. The 
remainder of this subtraction is 710. We bring down to its right 
the following figure of the dividend, 9, which gives a third divi- 
dend, 7109, which is to furnish the tens figure of the total quo- 
tient. 

Dividing 7109 by 2678, we have for a true quotient, 2, which 
we write to the right of the two first figures of the quotient ; 
multiplying the divisor by 2, and subtracting' the product from 
the third partial dividend, we obtain 1753 for a remainder, to 
the right of which we bring down the last figure, 8, of the divi- 
dend, which gives 17538 for a fourth partial dividend. Finally, 
the true quotient of 17538 by 2678, is 6. We multiply the 
divisor by 6, and subtract the product from the fourth partial 
dividend, which gives a remainder, 1470. The required quotient 
is then 3426, with the remainder, 1470 ; which we can verify by 
multiplying 2678 by 3426, and adding 1470 to the product, as 
the table of operations shows. (The four operations which we 
have just performed in this division, conduct to the same result 
as if we had subtracted successively from the dividend, 3000 
times, then 400 times, then 20 times, then 6 times the proposed 
divisor.) 

Second Example, 

Given, to divide 42206581591, by 569874. 
42206581591 1 569874 
2315401 1 74063 
"3590559 
"~T7i3T5l 
3529 

Placing mentally four zeros, then, five zeros, to the right of the 
aivisor, we obtain two products, 5698740000, and 56987400000, 
which contain the dividend between them; which proves that 
100 000 . ''''^^' '' '"^^^^ comprised between 10,000 and 
left ex^^^^^ ^« composed of 5 figures, of which the first to the 

w quotient, 74, which we have placed below the divisor, 
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are found without difficulty, as in the first example. But, haying 
arrived at the remainder, 35,905, if, in order to form the third 
partial dividend^ which is to furnish the hundreds figure of the 
total quotient, we bring down to the right of this remainder the 
next figure, 5, of the dividend, we obtain 359055, a number less 
than the divisor, which proves that the quotient has no hundreds. 
We must then place a to the right of the two first quotients, 
then bring down the next figure, 9, to the right of 359055 ; we 
thus have a fourth partial dividend, 3590559, which we divide 
by 569874, in order to obtain the tens of the quotient. Con- 
tinuing the operation, we find, finally, the total quotient, 74063, 
with the remainder, 3529. 

General Eule. 

36. In order to divide any two entire numbers whatever, one 
hy another, write the divisor to the right of the dividend ; sepa- 
rate them hy a vertical, then draw a horizontal line below the 
divisor. This done, take on the left of the dividend the number 
of figures necessary and sufficient to contain the divisor ; you 
obtain thus a first partial dividend, composed either of as many 
figures, or one more, than there are in the divisor. See how 
many times this partial dividend contains the divisor, and write 
the resulting quotient under the divisor ; multiply the divisor by 
this figure, and subtract the product from the first partial divi- 
dend. 

Bring down to the right of the remainder, the next figure of 
the dividend, which gives a second partial dividend. See in the 
same manner how many times this second partial dividend con- 
tains the divisor, and write this new quotient to the right of the 
first. Multiply the divisor by this second quotient, and subtract 
the product from the second partial dividend, 
I Bring down to the right of this second remainder, the next 
figure of the dividend, which gives a third partial dividend, 
upon which you operate as upon the preceding. 

Continue this series of operations, until you have brought down 
the last figure of the dividend, taking care at each operation to 
5 
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write the quotient which you obtain to the right of the preceding ^ 
(in Order to give to the former their proper valuey 

If it happens after having brought doum a figure^ &Kkt you 
obtain a partial dividend less ^an the divisor^ place <iO in the 
quotient f and then bring down a new figure to form a new partial 
dividend. When, after all these operations^ we arrive at a re- 
m^ainderj 0, the dividend is said to be exactly divisible by the 
divisor ; if the remainder is not 0, we add it in the verification 
to the product of the divisor by the quotient. 

37. From the nature of the method, we deduce the following 
consequences : 

1st. No partial division can give a quotient greater than 9, nor 
ought to lead to a remainder less than the divisor. 

2d. The first figure on the left of the quotient expresses units 
of the same order as those expressed by the first figure on the 
right of the first partial dividend ; and consequently the quotient 
contains one more figure than the rest of the dividend, after the 
first partial dividend has beeti separated. In other terms, the 
number of figures of the qvjotient is either the difference between 
the number of figures in the dividend and the number of figures 
in the divisor J or this difference augmented by unity. 

Particular Cases of Division. 

Remark, — When one of the terms of a division to be per- 
formed, or both of them, are terminated by zeros, we can simplify 
the general method. 

We will examine, specially, the case in which the divisor alon6 
is terminated by zeros, as the same rule of simplification can be 
applied to all other cases, a single one excepted. 

1st. Given, 47543296 to be divided by 690000. 

General method. Particular method, 

47543296 1 690000 475413296169 

6143296 168 614 1 Ig8 

623296 Rem, 62 True rem. %2Z2n 
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The rule to be followed is, — ^suppress the eeros which terminate 
the divisor, and separate on the right of the dividend as many 
figures as there are zeros on the right of the divisor. There re- 
mains then to be divided, 4754 by 69 ; perform this division 
i^ier the ordinary method. The quotient obtained, 68, is the 
true quotient of the division of the given numbers. Write after 
the corresponding remainder, 62, the figures 3296 of the divi- 
dend which have been separated to the right, and you have 
623296 for the total remainder of the division. 

This manner of operating rests on the following : — We observe, 
first, that the 69 tens of thousands of the primitive divisor are 
contained in the 4754 tens of thousands of the dividend, the 
same number of times that 69 simple units are contained in 4754 
simple unite. Thus, the quotient pf 4754 by 69 ought to be 
identical with the quotient of tihe division of the two given 
numbers. 

In the second place, the remainder of the division of 4754 by 
69, being less than the divisor, 69, it follows that this remainder, 
followed by the figures to the right of the dividend, 3296, is less 
also than the divisor followed by four zeros, or 690000 ; then, 
623296 expresses the true remainder of the division of the two 
numbers, 47543296 and 690000, (as 620000 would be the re- 
mainder, if the dividend were 47540000. So 623296 must be 
the true remainder in the case above), 

2d. The case in which the dividend alone is terminated by 
zeros, does not give place for any simplification. Nevertheless, 
if the part to the left of these zeros is to contain the divisor 
exactly, we could first cut off the zeros ; then, after having ob- 
tained the quotient of the division of the part on the left by the 
divisor, we would write to the right of this quotient the zeros 
which terminate the dividend. 

EXAMPLE. 

Given, 375000 to be divided by 125. The division of 375 by 
125, giving 3 for exact quotient, the quotient demanded is 3, 
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followed by three zeros of the dividend, or 3000. But this sim- 
plification is of no importance. 

3d. The same number of zeros may be on the right of both 
dividend and divisor. In this case, we suppress the zeros in the 
two terms of the division ; then, after having divided the twp 
parts on the left, one by the other, we write after the remainder 
thus obtained, the zeros on the right of the dividend. 
Given, to divide 5679800 by 8600. 
56798|00 1 86100 
519 1660 

Rem. 38 True rem. 3800 

This mode of operating is a repetition of the first case, with 
the sole difference that the remainder of the division of 56798 
• by 86, or 38, is to be followed by the zeros which terminate the 
primitive dividend, instead of being followed by significant 
figures. 

4th. Fewer zeros on the right of the dividend than on the 
right of the divisor. 

Given, to divide 68235947000 by 547600000. 
682359147000 1 5476 
13475 1 124 

25239 



Eem. 3335 True rem. 333547000 

This case is compounded of the first and third. 
5th. More zeros on the right of the dividend than on the right 
of the divisor. 

Given, to divide 25036900000 by 875000. 
25036900 |000 1 875 
7536 1 28613 

5369. 
1190 
3150 
Rem. 525 True rem. 525000 

This case is, properly speaking, nothing more than a particular 
case of the first case. 
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General Remark. — As in the three first operations of arith- 
metic, the calculations are performed by commencing on the right, 
it is natural to ask why, in division, we commence on the con- 
trary on the left. 

In order to answer this question, we must observe that the 
dividend, being the sum of the partial products of the divisor, 
by the units, tens, hundreds, &c., of the quotient, all these par- 
tial products are mingled one with another ; so that it is impos- 
sible to commence by separating out the products by the units, 
by the tens, &c. ; while, by the established method we determine 
at once in what part of the dividend the product by the highest 
units is found, and then we obtain the figure of these highest 
units ', then we arrive at the figure of the units of the order im- 
mediately below the first, and thus with the rest. 

Two Examples for Exercise, 

1st. 12187610837 to be divided by 16619. 

Quotient, 780306; remainder, 11423. 
2d. 2487628893304 to be divided by 5076078. 

Quotient, 490068 ; remainder, 0. 

Verification of Multiplication and of Division, 
It has been established in (No. 27), that we are naturally led 
by the definition, even of division, to mal^e the proof of Mul- 
tiplication by Division^ and that of Division by Multiplication ; 
and we have given in the course of the exposition of the method, 
the means of performing this operation. But we will show later 
more expeditious methods of making these verifications. 

38. We will now give some uses of multiplication and divi- 
sion. 

Question 1st. — Required the price of 2564 yards of a piece 
of masonry, of which each yard costs 47 dollars. 

Since each yard costs 47 dollars, it is clear that by repeating 
this value 2564 times, we will have the price of the 2564 yards. 
Thus, it suflices to form the product of 47 by 2564, or rather 
5* 
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the product of 2564 by 47 ; and this product will express the 
number of dollars required. 

We give the operation and its proof by divisiofi. 
2564 120508 1 47 . 

47 265 12564 



17948 800_ 

10256 188 



120508 000 

The 2564 yards cost $120,508. 
Question 2d. — One yard of a piece of masonry cost $39. 
Required how many yards can be built for $8895. 

It is evident that as many times as 39 will be contained in 
8395, so many yards can be constructed for the price. Thus, it 
suffices to divide 8395 by 39; and the quotient will be the re- 
quired number of yards. 

8395139 Proof. 215 

59 12151^ _J9 

205 1935 

10 645 

10 



8395 

As we obtain 215 for quotient, and 10 for remainder, it is ne- 
cessary to know the use which we are to make of this remainder. 

Let us observe, that if the dividend contained $10 less, it 
would be the product of 39 by 215. Thus, the number of yards 
demanded would be 215 ; but, as we have 10 dollars more, we 
have to determine the part or fraction of a yard which can be 
constructed for these 10 dollars. 

Now, with one dollar, we would evidently have -j^^th of a yard, 
since we could build the whole yard for $39; then, with $10, 
we must have 10 times ^'^, or (No. 8), \^, Thus, 215 yards, 
and ^^ths of a yard, is the result required. 

Such is, in general, the use which we have to make of the re- 
mainder of a division, when in performing the operation we are 
resolving a question relating to concrete numbers. 



DIVISION. . 66 

We conceive the unit of the quotient (the nature of which is 
always determined by the enunciation of the question), to be 
divided into as many equal parts as there are units in the divi- 
sor ', we take one of these parts as many times as there are units 
in the remainder; we then add the resulting fraction to the en- 
tire quotient already obtained. 

Question 8d. — Suppose that 498 persons have to divide equally 
a sum of ?fl,848,708. Eequired the part of each one. 
13487081 498 2708 

3527 12708111 498 

4108 21664 

124 24372 

10832 
124 



1348708 



The quotient of this division being 2708, and the remainder 
124, we conclude that if the sum to be divided was diminished 
by 124 dollars, each person would have for his portion 2708 
doDars. But, as the given sum contains $124 more than the 
product of 2708 by 498, it follows that each person ought to 
have $2708, and a part of $124. In order to form an idea of 
this part, we can at first consider the number 124 as a whole, 
which it is necessary to divide into 498 equal parts ; and one of 
these parts is the fraction which is to complete the quotient : but 
it is simpler to conceive the unit (No. 8), 1 dollar, to be divided 
into 498 equal parts, and to take 124 of these parts, which gives 
III for the fraction to be added to the entire quotient. 

39. N. B. — This last example leads us to a remark of which 
we will often make use ; it is, that to divide a number, 124, into 
498 equal parts, is to take 124 times the 498th part of unity. 
For, if instead of 124, we had simply to divide 1 into 498 equal 
parts, each part would be (No. 8), -^^^ ; but, as the number to 
be divided is 124 times greater, the result of the division ought 
to be 124 times greater, or equal to 124 times ^^^, or equal to 
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ill- -Si general, to divide a number into as many equal parts 
as there are units in another, i$ the same thing as to divide unity 
into as many equal parts as there are units in the second number ^ 
and to take one of these parts as ma/ny times as there are units 
in the first. 

40. From the two propositions demonstrated in Nos. 25 and 
26, we deduce some consequences which it is well to make known, 
as they are of continual use in arithmetic. 

We observe, first of all, that according to the definitions, even 
of the multiplication and division of entire numbers, we render 
an entire number as many times greater or smaller as there are 
units in another, in multiplying or dividing the first number by 
the second. 

Thus, when we multiply 24 by 6, the product which we obtain 
is 6 times as great as 24, since it results from the addition of 6 
numbers equal to 24. In the same manner, if we divide 24 by 
6, the quotient is 6 times as small as 24, since this quotient, re- 
peated 6 times, reproduces 24. 

This established, we say, first, that if in a multiplication we 
render the multiplicand or multiplier a certain number of times 
greater or smaller, the product is, by this change, rendered the 
same number of times greater or smaller. 

Given, for example, to multiply 47 by 6, and suppose that, in- 
stead of performing this operation, we multiply 47 by 24, which 
is 4 times as great as 6 ; since, according to what has been said 
in (25), to multiply 47 by 24, is the same as to multiply 47 by 6, 
and the product by 4, it follows at once that the product of 47 
by 24, equals 4 times the product of 47 by 6; (t*. c.) is 4 
times as great. 

Reciprocally, the product of 47 by 6 (the fourth of 24), being 
4 times smaller than the product of 47 by 24, it follows, that if 
we render the multiplier 4 times as small, or if we divide it by 4, 
the product is rendered 4 times as small by this change. 

We have seen, moreover (26), that in a multiplication of two 
factorsi, we can invert the order of the factors ; then, what we 
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have just said with reference to the multiplier, applies equally to 
the multiplicand ; then, 

It results from this, that we do not change a product, in ren- 
dering the multiplicand a certain numher of times greater, pro- 
vided we render at the same time the multiplier a certain numher 
of times less, (i, c.) hy multiplying one factor hy a certain num- 
ber, and dividing the other factor by the same number. 

It is upon this last consequence that we found a method which 
is sometimes employed to verify multiplication. 

Given, to multiply 347 by 72. To multiply 347 by 72, is to 
multiply twice 347, or 694, by the half of 72, or by 36. Thus, 
after having multiplied 347 by 72, we can then multiply 694 by 
36; and, if the operations are correct, we ought to find the 
same result. 

Now, since in division the dividend is a product, of which the 
divisor and the quotient are two factors, it follows that if we 
multiply or divide the dividend by a certain entire number, the 
quotient is by this change multiplied or divided by the same en- 
tire number. 

For, as, after this change, the quotient, multiplied by the divi- 
sor, must produce a dividend a certain number of times greater 
or less than the first dividend, it follows necessarily,, the divisor 
remaining the same, that the quotient must be the same number 
of times greater or less. 

On the contrary, if, without altering the dividend, we render 
the divisor a certain number of times greater or smaller, the 
quotient is thereby rendered the same number of times smaller 
or greater. This is the sole admissible hypothesis, in order that 
the multiplication may give the same product or the same divi- 
dend. 

Then, by multiplying o^, dividing the dividend and the divisor 
by the same number, we do not change the quotient ; since, if, 
by the change of the dividend, we multiply or divide the quotient 
by a certain number, the second change renders it the same 
number of times smaller or greater. Thus, the compensation 
leaves it the same. 
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Exercises on this Chapter, 

1. Enunciate the number 10030047089500476. 

2. Enunciate the same number^ the middle figure being left 
out. 

3. How many figures in a number, the first figure on the left 
of which expresses hundreds of septillions ? 

4. What is wanting in the number 2047035007, in order to 
form unity, followed by as many zeros as there are figures in the 
number ? 

5. Being given to subtract 58900564 from 62080347, if we 
substitute for the smaller number that which would make it 
unity followed by 8 zeros, and if we add this complement to the 
greater number, what must we then do to obtain a result equal 
to that which we obtain by the direct operation ? 

6. The day being composed of 24 hours, the hour of 60 mi- 
nutes, the minute of 60 seconds ] required how many seconds 
there are in the year, which we suppose to have exactly 365 
days. 

7. Required what changes would be made in the product of 
67084 by 3769, by supposing, 1st, That the multiplier is aug- 
mented by 10, the multiplicand remaining the same ? 2d, That 
the multiplicand is augmented by 10, the multiplier remaining 
the same? 3d, That the two factors are simultaneously aug- 
mented by 10 units ? 

8. What is the population of a county containing 16537 
square miles, each square mile averaging 45 inhabitants ? 

9. The light of the sun reaches the earth in 8 minutes and 13 
seconds, and the distance is 95000000 miles. How far does the 
light travel in one second ? 
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CHAPTEB II. 

FKACTIOM. 

41. We have already seen (Nos. 1 and 8), what a fraction is, 
and what idea we are to form of it. We distinguish always two 
terms in a fraction, the denominator and the numerator. The 
denominator indicates into how many equal parts unity is divided, 
and the numerator how many of these parts are taken. These 
two, ti^en together, constitute the fraction. 

Thus, in the fraction |, which we call three-fourths, 4 is the 
denominator, and shows that the unit is divided into 4 equal 
parts ; 3 is the numerator, and indicates that we take 3 of these 
parts. In the same manner, the fraction |^, eleven-twelfths, 
expresses that the unit is divided into 12 equal parts, and that 
we take eleven of them. We have seen, also, that such a fraction 
as II is equivalent to the 15th part of the whole numher ex- 
pressed hy 18 } that is to say, a fraction can also he considered 
as the quotient of its numerator divided hy its denominator, so 
that thirteen times the 15th part of unity, or thirteen-fifteenths, 
and the fifteenth part of thirteen, or thirteen divided hy fifteen, 
are identical expressions. 

This last point of view leads us naturally to consider fractional 
expressions, such as 'g®, f |, fj, . . . . of which the numerator is 
greater than the denominator. 

Now, these expressions are easily comprehended, as they result 
from the division of the numhers 19, 23, 47, respectively into 6, 
12, 15, equal parts. 

But how can 'g® express 19 times the 6th part of unity ? 

For this we conceive that we have four principal units, of 
which each one is divided into 6 sixths ; then, in order to form 
19, or 6x3 + 1 of them, we take the 18 sixths, of which the 



60 FBAOnONS. 

three first principal units are composed, and add to them one of 
the parts of the fourth principal unit. 

We obtain thus 19 sixths, or '^. 

By extending this principle, we can place unity or any entire 
number under a fractional form. 

Thus, 1 can be written |f , ||, &c. 

In the same-manner, 10, 14, 25, &c., can be written Y> '/^ 
¥, &c. 

42. From the definition which we have just given of the 
numerator and denominator of a fraction, the following conse- 
quences obviously result. 

1st. If we mvHtiply or divide the numerator of a fraction hy a 
number, the denominator remaining the same, the new fraction 
will he this number of times greater or less than the first. 

For, when we multiply the numerator by 2, 8, 4, ... . we in- 
dicate thereby, that we take 2,3,4,.... more parts ; and as 
the parts are the same, the new fraction is 2, 3, 4, ... . times 
greater. Thus, let the fraction be ^^ \ it is clear that ^|, ^|, 
^|, .... are fractions 2, 3, 4, ... . times greater than the first. 
Again, in dividing the numerator by 2, 3, 4 .... we take 2, 3, 4 ... . 

times fewer parts than, &c Thus, ^^^, ^^^, are 2, 3, times 

smaller than ■^^. 

2d. If we multiply or divide the denominator of a fraction 
by a number, the numerator remaining unchanged, we divide or 
multiply the fraction by this number 

For, when we multiply the denominator by 2, 3, 4 . ... we indi- 
cate that the unit is divided into parts 2, 3, 4 ... . times more 
parts. Each of these parts is then 2, 3, 4 ... . times smaller; and as 
we take always the same number of these parts, it follows that 
the fraction is 2, 3, 4 ... . times smaller. 

If we« divide the denominator by 2, 3, 4 ... . the unit is 
divided into 2, 8, 4 ... . times fewer parts ; each one of these 
parts is then 2, 3, 4 ... . times greater; therefore, &c. 

3d. We do not change the value of a fraction by multiplying 
or dividing its two terms hy the same number. 
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For the change made in the numerator renders the fraction a 
certain number of times greater or smaller ; but the same change 
made in the denominator renders it on the contrary the same 
number of times smaller or greater ; then one change compen- 
sates the other^ and the value of the fraction is not changed. 

Thus, the fractions |, y®^, A|, ^§, .... are all equivalent to the 
fraction |, since they result from the multiplication of each of 
the terms of the latter by 2, 3, 4, 5. In the same way, the fraction 
II is equal to the fraction ||, or y^, or g, since we obtain these 
last by dividing the two terms of || by 2, 3, 4. 

These different propositions can also be considered as conse- 
quences of the second manner of viewing a fraction (see No. 41), 
and the principles established (No. 40), in division. 

43. As the third proposition is of continual application, we 
will give a demonstration of it, direct and independent of the 
two first. 

Take, for example, the fraction |, and multiply the two terms 
5 and 8 by 3, which gives ^|. We have to prove that this last 
fraction is equivalent to the first. 

For, the principal unit being divided at first into eight equal 
parts, let us divide each eighth into three equal parts } the unit 
is thus divided into twenty-four equal parts. 

Each eighth equals, then, three twenty-fourths, and five-eighths 
equal five times three, or fifteen twenty-fourths ; that is to say, 
the fractions | and ^| have absolutely the same value. 

We would demonstrate, in the same manner, that the fractions 
1^ and I J, the latter of which is formed by multiplying the two 
terms, 11 and 12, of the first, by 5, are equal. 

As reciprocally we pass from the fraction ^| to the fraction |, 
by taking the third of each term, and from the fraction |g, to 
the fraction j^, by taking the fifth of the two terms of the for- 
mer, we can conclude that a fraction does not change 'its value 
when we multipli/ or divide its two terms hy the same number. 

Let us pass to the different operations which we may have to 
perform on fractions in the resolution of a question, the data of 
which are fractions or fractional numbers. 
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But, before explaining the four fiindamental operations, wc 
will make known two transformations of frequent use in the 
calculus of fractions. 

Reduction op Fractions to the same Denominator. 

44. This transformation has for its object to reduce two or more 
fractions, having different denominators, to the same denomina- 
tor. Now, the principle that we do not change the value of a 
fraction by multiplying its two terms by the same number, fur- 
nishes a simple means of effecting this transformation. 

Let, for example, | and ^ be the fractions which are to be re- 
duced to the same denominator. 

If we multiply the two terms, 3 and 4, by 7, the denominator 
of the second, and the two terms, 5 and 7, of the second, by 4, 
the denominator of the first, there will result |^ and |J for the 
two fractions required. 

These fractions have the same value as the fractions proposed 
according to the principle of (43). Again, they have necessarily 
equal denominators, since each one of them comes from the mul- 
tiplication of the two primitive denominators, 4 and 7, by each 
other. 

Again, given the fractions, 4, |> jjf to be reduced to the same 
denominator. 

Multiply the two terms, 4 and 7, of the first fraction, by 88, 
product of the denominators, 8 and 11, of the second and third ; 
then the two terms, 6 and 8, of the second, by 77, product of 
the denominators, 7 and 11, of the first and third; finally, the 
two terms, 6 and 11, of the third, by 56, product of the deno- 
minators of the first and second. We will thus obtain the new 
fractions, |f|, |f |, Ifg. 

These fractions have the same value as the primitive fractions, 
and their denominators are necessarily the same, since each (me 
of them is the product of the denominator of each fraction by 
the product of the two other denominators. 
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General Rule. — In order to reduce any numher whatever 
of fractions to the same denominator^ mvXtipIy successively the 
two terms of each one of them by ih6 product of the denominators 
of the other fractions. 

We will show the method of applying this rule in practice. 

Let the fractions be |, y\, \%, ||, and f |. 

For greater simplicity we arrange the operation thus : 

I t't II If II 
153725 111800 94600 49192 28600 

T^^Wifu. tWi^m, Avvm. muu, m,m- 

After having formed the product of the five denominators, 8, 
11, 13, 25, and 43, which gives for the common denominator of 
the transformed fractions, 1229800, we divide successively this 
product by each one of the denominators, and we obtain the five 
quotients, 153725, 111800, 94600, 49192, 28600, which we 
place respectively below the five proposed fractions ; after which, 
we multiply the numerator of each fraction by the quotient which 
corresponds to it ; and we obtain thus the different numerators. 

As to the common denominator, it is, as we have said above, 
equal to 1229800. 

The reason of this manner of proceeding is easily perceived, 
for the number, 1229800, being the product of the five denomi- 
nators, the quotient, 153725, of the division of 1229800 by 8, 
expresses necessarily the product of the four other denominators, 
11, 13, 25, 43. 

In the same manner, 111800, being the quotient of the divi- 
sion of 1229800, by the second denominator, 11, is equal to the 
product of the four other denominators, 8, 13, 25, and 43 ; and 
the same reasoning applies to the other quotients. This method 
ig, moreover, much more expeditious, than if, for each fraction, 
we performed the multiplication of the denominators of the four 
others. But it is only really advantageous when there are more 
than three fractions to be reduced to the same denominator. 
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45. There is a case in which the reduction to the same deno- 
minator can be performed in a viery simple manner; that is, when 
the greatest of the denominators is exactly divisible by each one 
of the others. 

Let the fractions be, for example, 

I i I t\ II 
12 9 6 8 1 

ll> U> ih U, fl- 

It is easy to see that 36, divisible by itself, is also divisible by 
each one of the four other denominators, 8, 4, 6, and 12. 

This being fixed, we effect successively these divisions, and 
place the quotients, 12, 9, 6, 81, below the four first fractions ; 
after which, we multiply the numerator of each one of them by 
the quotient which corresponds to it ; the fraction, 1 1, remains 
as it was, and all the fractions are reduced to the denominatorj^ 86. 

Sometimes, although the greatest denominator is not divisible 

by all the others, we perceive that, by multiplying it by 2, 3, 4 

we obtain a product exactly divisible by all the denominators. 
This affords us, likewise, a means of simplification. 

Let the fractions be, 

i i H H hi II 

18 9 6 4 3 2 

H 41 n fl H n 

The denominator, 36, is divisible separately by 4, 12, and 18, 
but is not divisible by 8 nor by 24 ; but, if we double it, we ob- 
tain 72, a number exactly divisible by each one of the denomi- 
nators. 

This being fixed, we form the quotients of 72 by each one of 
the denominators, and place them respectively below the frac- 
tions ; we then multiply the numerator of each one of them by 
the quotient which corresponds to it; all these fractions will 
have 72 for common denominator. 
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Formation op the Least Common Denominator op 
Several Fractions. 

46. The simplifications which we have just explained, require 
some practice to see when they can be applied ; but there is a 
direct means of obtaining, in all cases, the Least Common De- 
nominator of several fractions. 

To do this, we must find the least common multiple of the de- 
nominators; that is,. the least number divisible by all of them. 
To do this, decompose the numbers into their smallest possible 
factors ; that is, prim^ factors, or factors divisible only by them- 
selves and unity. Then form the product of all these prime 
factors, common or not common, to the numbers. We obtain 
thus a result, evidently divisible by all the numbers ; and it is, 
besides, the smallest number so divisible ; for, any number con- 
taining one of the prime factors a smaller number of times 
than one of the given numbers, woidd not be divisible by that 
one of these numbers which contained this factor a greater num- 
ber of times. (A more thorough discussion of this we will give 
under the chapter on the properties of numbers). 

Applying the above to the last example, we have, 

4 8 12 18 24 86 

2.2 2.2.2 2.2.3 2.3.3 2.2.2.3 2.2.3.3 

Having thus arranged the numbers and their prime factors, 
we see that 2.2.2.3.3 is evidently the least common multiple. 
Performing the multiplication, we obtain 72, as before. 

Let the fractions be for a new example, 



U 



F 



H H If II ^% tVit m 



the numerators of which do not contain, at least apparently, prime 
factors (as 2.3.5 . . . .), which may be, at the same time, con- 
tained in the corresponding denominators; otherwise, it would 
be necessary to suppress these factors in the two terms. 
6* 
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Becomposing the denominators, we find for results^ 

8.6 1 2.3.3 1 2.2.2.3 1 2.2.7 1 2.2.11 1 2.2.5.7 1 7.5.5 1 2.2.2.2.2.5.3; 

which gives for the least common multiple, 

2.2.2.2.2.3.3.5.5.7.11, or 554400; 

which is the least common denominator to be given to all the 
fractions; a number far less than that which we would obtain by 
applying the general rule in No. (44). 

Nothing more remains now but to determine the numbers by 
which we are to multiply the numerators, in order to obtain the 
numerators of the new fractions ; and for this it is necessary, as 
we have already seen, to divide 554400 by each one of the given 
denominators. 

Relations op Magnitude among Several Fractions. 

We have here some applications of the preceding transforma- 
tions. 

• 

47. Question Ist. — Of the two fractions, | and j^, which is 
the greater ? 

We cannot, at first sight, answer this question ; because, though 
on the one hand the unit in the second fraction is divided into a 
greater number of parts than in the first, on the other hand, we 
take more of these parts, since the numerator, 7, is greater 
than 3. 

But we remove the difficulty by reducing them to the same 
denominator ) for it is evident that of two fractions which have 
the same denominator, the greater is that which has the greater 
numerator. This reduction effected, we obtain |g for the first 
fraction, and | J for the second ; the fraction, |, is the greater 
of the two. 

We find, in the same manner, that of the three fractions, 4> 
3-^ ^^ the greatest is y^j, the smallest ^j ; for, being reduced to 
the same denominator, they become, respectively, t^q^j, j^f 
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We could equally well reduce the fractions to the same nume- 
rator (by applying to the numerators what has been said concern- 
ing the denominators) ; and of these fractions the greatest would 
be that which would have the smallest denominator; since, the 
parts being greater, we take the same number of them. But the 
first method has the advantage of making known, at the same 
time, the differences which exist between the fractions, compared 
two and two. 

48. Question 2d. — What change do reproduce in afractioUy 
hy adding the same number to its two terms f 

Let the fraction be y^, for example, to both terms of which 
we add 6 ; H is the resulting fraction. 

If now we reduce these two fractions to the same denominator, 
the first becomes ^f J, and the second ^f |. The proposed frac- 
tion is then increased in value. In order to give a reason for this 
fact, we observe that, unity being equal to |§, the excess of unity 
above y^ is expressed by ^tj ; in the same manner, the excess of 
unity above || is expressed by y*g. The numerators of these 
two differences are the same, which should be the case ; for, 18 
and 13, having been formed by the addition of 6 to the two 
terms, 7 and 12, it follows, that there is the same difference be- 
tween 18 and 13, as between 7 and 12. But the difference, y\, 
is necessarily less than the difference, y^^, since the first denomi- 
nator is the greater, and the numerators are equal; then the 
fraction, ||, differs less from unity than the fraction, y^; conse- 
quently, the first is greater than the second. 

We see, moreover, that the greater the number added to the 
two terms of the fraction, y*^, the smaller the difference between 
unity and the new fraction ; since the numerator of this differ- 
ence, being always 5, the denominator becomes greater and 
greater. As this same reasoning can be applied to every other 
fraction, we can draw the conclusion that if to the two terms of 
a fraction we add thjB same number, the resulting fraction is 
greater than the given fraction ; and it is greater, the greater the 
number added. 
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Conversely, by the same reasoDing, a fraction is diminished in 
value when we subtract the same number from its two terms. 

N. B. The contrary would take place, if the fractional number 
was greater than unity, as |J. 

Adding 8 to the two terms, wo would have || less than i|. 
For, |§ exceeds unity by ^^ only, while || surpasses unity by 
Ti> greater than -^^^ 

We have thought it necessary to enter into some details upon 
this proposition, in order to prevent beginners from confounding 
this with (43), when we multiply or divide the two terms of a 
fraction by the same number. 

Reduction of a Fraction to its Simplest Terms. 

49. It happens often, in the calculus of fractions, that we are 
led to a fraction expressed by large numbers ; now, the greater 
the numerator and denominator, the greater trouble we have to 
form a just idea of the fraction. 

For example, the fraction, ||, indicates, that we must divide 
unity into 15 equal parts, and take 12 of these parts. But 12 
and 15 being, at the same time, divisible by 3, if we perform the 
divisions, there results |, a fraction equivalent to the one given ; 
then, in order to form an idea of it, it suffices to conceive the 
unit divided into 5 equal partg, and to take 4 of them, which is 
much simpler. When then we have a fraction, the terms of 
which are quite large, it is best to reduce it, if possible, to a 
fraction whose terms are smaller. 

The first method which presents itself is to divide the two 
terms by the numbers, 2, 3, 4 .... as long as that is possible. 

1st. Let the fraction, 1J|, he given. The two terms of this 
fraction are evidently divisible by 4 ; and, in effecting the divi- 
sion, we obtain || ; but the two terms of this are divisible by 9 ; 
and this new division gives for a result, |, which cannot be far- 
ther reduced. 
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This example presents no difficulty ; but this is not always the 
case, especially when the two temis of the given fraction are 
composed of three or more figures; for it can happen that a 
prime factor of two or three figures is common to the two tehns 
of the fraction, without our being able to find it by mere inspec- 
tion. Hence, we see the necessity of having a general method 
of reducing a given fraction to the most simple expression possi- 
ble. This method we will now discuss. It is called the method 
of the greatest common divisor, 

50. We commence by establishing several preliminary no- 
tions. 

A number is called the multiple of another number, when it 
contains it a certain number of times, as we have already seen. 

Reciprocally, the second number is called a suhmultiple, or an 
aliqiiot partj or simply a divisor of the first. 

We call a prime number a number which is only divisible by 
itself, and by unity, which is a divisor of every number. Thus, 
2, 3, 5, 7, 11, 13 ... . are prime numbers; but 4, 6, 8, 9, 12, 
are not prime numbers ; since they have the divisors, 2 and 3. 
Two numbers are said to be prime with respect to each other, 
when they have no other common divisor except unity ; thus, 
4 and 9, 7, 1, and 12, are numbers prime with respect to each 
other; 8 and 12 are not, since they are divisible at the same 
time either by 2 or 4. 

First Principle, — Every number, which exactly divides an^ 
other number, divides also any multiple whatever of this second 
number. 

For example, 24 being divisible by 8, and giving for a quo- 
tient 3, 5 times 24, or 120, divided by 8, will give (No. 40) for 
quotient, 5 times 3, or 15. In the same manner, 60 being divi- 
sible by 12, and giving for quotient 5, 7 times 60, or 420, divided 
by 12, will give for quotient 7 times 5, or 35. 

Second Principle, — Every number, decomposed into two 
parts, both divisible by a second number, is itself divisible by 
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this second number. For the quotient of the diyision of the total 
being equal to the sum of the two partial quotients, if these two 
partial quotients are entire, their sum, or the total quotient, must 
be entire. 

Third Principle, — Every number which divides exactly a 
whole, decomposed into two parts, and which divides one of these 
parts, ought to divide also the other part. For the total quotient 
being equal to the sum of the two partial quotients, if one of 
these partial quotients is fractional, it would follow that an entire 
number would be equal to a fractional number; which would be 
absurd. 

51. So much being established, let the two numbers^ 360 and 
276, be given, of which we propose to determine the greatest com- 
mon divisor, or the greatest number which will divide them both 
exactly. It is at once evident that this greatest common divisor 
cannot exceed the smaller number, 276; and as 276 divides 
itself, it follows, that if it will divide 360 also, it will be the 
greatest common divisor sought. Attempting this division of 
360 by 276, we find for quotient, 1, and remainder, 84 ; then, 
276 is not the greatest common divisor. We say, now, that the 
greatest common divisor of ^0 and 276, is the same as that 
which exists between the smaller number, 276, and the remain- 
der of the division. 

For the greatest common divisor sought, since it ought to 
divide 360, and one of its parts, 276, divides necessarily the 
other part, 84, (50) ; whence, we can conclude at once, that the 
greatest common divisor of 360 and 276, cannot exceed that 
which exists between 276 and 84 ; since it must divide these two 
numbers. In the second place, the G. C. D. of 276 and 84, 
dividing the two parts, 276 and 84, of 360, divides necessarily 
this number; being the exact divisor of 360 and 276, it cannot 
exceed the greatest C. D. of 360 and 276. Whence, we see, 
that the G. C. D. of 360 and 276, and the G. C. D. of 276 and 
84, cannot be greater than each other; then they are equal. 
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Thug, iLe question is reduced to seeking the greatest G. D. of 
276 and 84 ; numbers simpler than 360 and 276. 

We now reason on 276 and 84, as we have about the primitive 
numbers ; that is, we try the division of 276 by 84 ; because, 
if the division is exact, 84 will be the G. C. D. of 276 and 84, 
and consequently of 360 and 276. 

Effecting this new division, we have 3 for quotient, and 24 for 
remainder; then 84 is not the G. C D. sought. But, by analogous 
reasoning to that above, we can prove that the G. 0. D. of 276 
and 84 is the same as that of the first remainder, 84, and the 
second remainder, 24. The question is then reduced to finding 
the G. C. D. of 84 and 24; we divide 84 by 24, and obtain 3 
for quotient, and 12 for remainder ; then 24 is not the G. C. D. ; 
but, as this G. C. D. is the same as that of 24 and 12, we divide 
24 by 12 ; we find an exact quotient, 2 ; thus, 12 is the greatest 
C. B. of. 12 and 24, hence of 84 and 24, of 276 and 84, and, 
finally, of 360 and 276, or the G. C. D. sought. 



In practice, we arrange the operation thus 



13 3 2 



360 

84 



276 



24 



84 
12 



12 



After having divided 360 by 276, we place the quotient, 1, 
above the divisor, and a remainder, 84 ; we write this remainder 
to the right of the less number, 276, and we divide 276 by 84, 
placing the quotient, 3, above the divisor, and the remainder, 24, 
to the right of the 84, and so on for the rest. 

General Eule. — In order to find the G, C. D, of two num" 
hers, divide the greater number hy the less; if there is no remain- 
deTy the smaller number is the G, (7. D, 

If there is a remainder, divide the less number by this remain- 
der ; and if this division is without remainder, the first remain- 
der is the G. a D, 

If this second division gives a remainder, divide the first re* 
mainder by thf ^'ymd, and continue always to divide the pre- 
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ceding remainder by (Tie last remainder, until the division becomes 
exact; then the last divisor employed will be the G, G, D. 
sought. 

If the last divisor is unity, it is a proof that the two numbers 
are prime with respect to each other. Reciprocally, if two num- 
bers are prime with each other, and if we apply the method 
above, we will find necessarily a final remainder equal to unity. 
For, according to the nature of the method, the remainders go 
on diminishing ; besides, we cannot obtain a remainder, nothing, 
before having obtained a remainder, 1 ; since the divisor, different 
from unity, which gave this remainder nothing, would be the 
common divisor of the two numbers. Thus, we must, necessa- 
rily, after a smaller or greater number of operations, obtain unity 
for a remainder. 

52. We give now the application of this method. 
Reduce the fraction, m, to its simplest form. 

2 
185 I /, 



999 
407 
999 
259 


1 

592 

185 

37 

27 


1 
407 
37 
592 
222 



00 
37 
16 



00 

We find, for the greatest common divisor, 37, and, dividing 
999, and 592, by 37, we have ^f , for the value of |||, reduced 
to its least terms. 

If we can find no common divisor greater than unity for the 
terms of the fraction, the fraction is irreducible, its terms being 
prime with each other. 

Remark, — If, in the operation for the common divisor, we 
arrive at a prime number for a remainder, as, for example, 5 or 
7, we can conclude at once that unless this prime remainder 
exactly divides the last divisor, the two primitive numbers have 
no common divisor greater than unity. The reason of this is 
obvious. We will return once more to the operation of the 
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greatest common divisor, as it is one of the most important in 
the arithmetic. 

Second example, ||J8|. We find for G. C. D. 1261, respective 
quotients, 29 and 23; thus, || is the fraction reduced to its 
simplest terms. 

53. From what precedes, it results, that if from the two terms 
of a fraction, we subtract the same multiples of the two terms 
of the equivalent irreducible fraction, the resulting fraction is 
also equivalent to the given one. 

Let us take, for example, the fraction, ^|, which, reduced to 
its least terms, according to the method indicated in the preceding 
article, is equal to |. If, from the two terms, 18 and 24, of the 
given fraction, we subtract four times 3, or 12, and four times 4, 
or 16, we obtain a new fraction, |, which, expressed in simpler 
terms than those of the given fraction, is equal to it. For, in 
suppressing the factor, 2, common to 6 and 8, we find |, as for 
the first fraction, ^|. 

It is easy to explain this result. For, if ^| is equal to |, an 
irreducible fraction, of which the two terms are prime with each 
other, 18 and 24 must be the same multiples (6 times 3, and 6 
times 4), of the two terms of the fraction, | ; and when from 18 
and 24 we subtrsict four times 3, and four times 4, we obtain 
differences, twice 3, and twice 4, which are also the same multi- 
ples of 3 and 4 ; whence results a new fraction, |, equal to |. 
It would seem that this proposition ought to furnish a means of 
simplifying a fraction ; but we see that this means would be alto- 
gether illusory, since it supposes the irreducible fraction known, 
to which the given one is equivalent. 

N. B. We would remark here, that we subtract from the two 
terms of the fraction two different numbers, and not the same 
number as in (48). 

We pass, now, to the four frindamental operations upon frac- 
tions. 

7 
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Addition of Fractions. 

54. The addition of fractions has for its object to find a tingle 
fraction which shall express the value of the sum of several 
fractions. 

There are two cases ; the fractions to be added are either of 
the same species^ that is to say, have the sam^ denominator, or 
of different species. 

In the first case, toe sum up the numerators, and then give to 
this sum the common denominator. 

In the second case, we reduce the fractions to the same deno- 
minator ; after which we operate as in the first case. The reason 
is obvious, since the denominator is a sign indicating the value 
or species of the units to be added, and the numerator the num- 
ber of these units. 

Ti, 2.3.42+3+49 

Thus, n+n+n= ir"=n 

In the same manner, 

^,27 4_ 5+2+7+4 _18 
23"*"23'*"23'*"23~ 23 ""23 

Let it be given, now, to add the three fractions, 

I i i 

8 6 8 

if if M 
After having reduced these fractions to the least common de- 
nominator, 24, (No. 46), we add the numerators, 16, 18, and 
21 ] we then give to the sum, 55, the denominator, 24. 
We have thus || for the result required. 

55. This last example liftds to a fractional expression, ||, 
greater than unity, which gives rise to a new q)eration. 

We have seen that unity is equivalent to ||, or twenty-four 
twenty-fourths; whence, it follows, that as many times as 55 
contains 24, so many units there are in ||. Now, dividing 55 
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by 24^ we have for a quotient^ 2, with remainder^ 7 ; thnS; | J is 
a number composed of 2 units and ^. In general, when we 
obtain a fraciional result, of which the numerator exceeds the 
denominator, in order to extract the whole number contained in 
this expression, we must divide the numerator hy the denomtnti' 
tor. The quotient which we obtain represents the. entire number, 
and the remainder is the numerator of the fraction which is to 
he added to the entire number, (43). 
By this mode, we find, 

Reciprocally, when we have an entire number joined to a frac- 
tion, in order to form a single fractional number, we must mul- 
tiply the entire number by the denominator, add the product to the 
numerator, and give to the sum the denominator of the /reunion. 

For example, 
Q^ 3x5+2 17 -- . 11x12+7 139 . 

Subtraction op Fractions. 

66. The subtraction of fractions has for its object to find the 
excess of a greater fraction over a smaller. 

If the two fractions have the same denominator, we subtract 
the smaller numerator from the greater, and give to the difference 
the comm^on denominator. 

If they have not the same denominator, we reduce them to 
such as have ; after which, we proceed as in the first case. 

Given, to subtract -j^j from {^ ; there remain y®^, or ^. In 
the same manner, ^J — 5^^= ^5=^5^. 

Given, to subtract | from |. These two fractions give ^| and 
Ij, by reduction to the same denominator; and we have 

21 16 21—16 6 



Also, 



24 24"" 24 "'24* 

19 13_ 19x 17 — 13x20 63 

20 17 ~" 20x17 '*340' 
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We can have an entire number joined to a fraction, to be sub- 
tracted from an entire number joined to a fraction ; or, as they 
are called, a mixed number, to be subtracted from a mixed 
number. 

Given, for example, to subtract 5|^ from 12|. 
12|=12||=ll|^ 

We commence by reducing the two fractions to the same de- 
nominators, which gives || for the first, and || for the second. 

Then, as we cannot subtract || from ||, we take from the 
entire part, 12 of the greater number, one unit, which we add 
to the |-^, making |^ ; we then subtract || from |^, and have 
for a remainder, ||. Passing to the subtraction of the entire 
numbers, we regard the greater number as diminished by unity, 
and subtract 5 from 11, which gives 6. We have thus 6J| for 
the required result. 

The same result could be obtained by reducing the mixed 
numbers to single fractions by last article, and then following the 
rule given for subtraction of fractions. 

Multiplication op Fractions. 

57. Multiplication has for its object in general, two numbers 
being given to form a third number, which is compounded with 
the first number in the same manner as the second number is 
compounded with unity. 

This being established, we distinguish three principal cases in 
the multiplication of fractions. We can have, 

1st. A fraction to be multiplied bi/ an entire number. 
Given, for example, j*^, to be multiplied by 5. 
According to the definition above, since the multiplier, 5, con- 
tains 5 times unity, it follows, that the product ought to be equal 
to 5 times j^, or 5 times as great as y*^. Now, we have seen in 
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(43); tbat we render a fraction 5 times greater by multiplying its 

numerator by 5. We thus have =^ — - or =-jr , for the required 

product. 

Then, in order to multiply a fraction by an entire HumheTf we 
tniut multiply the numerator hy the entire number, and give to 
Ihe product the denominator of the fraction. 

Given, to multiply \\ by 9. 

We obtain f | for the product, or 5/g, or 6^. This result can 
be obtained more simply thus. For, by (43), we can divide the 
denominator by 9, instead of multiplying the numerator. And 
we find thus, y, or 5^, for the required product. 

We can only apply this last method, when the denominator is 
divisible by the number. The established rule is always appli- 
cable. Usage alone renders us familiar with these simplifications. 

2d. To multiply an entire number by a fraction. 

Example. — 12 to be multiplied by 4- 

Since, in this case, the multiplier, 4> is equal to 4 times the 
7th part of unity, the product ought to be equal to 4 times the 
7th of 12. Now, the 7th of 12 is equal to ^^ ; and, in order to 
render this 4 times as great as V^, we must multiply the nume- 
rator by 4 ; we thus obtain S^, or 6|, for the required product. 

Then, to multiply an entire number byafraction, we multiply 
the entire number by the numerator, and give to the product the 
denominator of the fraction. 

Thus, 29 X A=i^ = 25i. 

We might find this last result by dividing 24 by 6, and multi- 
plying the result by 5. 

But, we repeat, these simplifications are not always possible. 

7* 
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3d. A fraction to be mult t plied by a fraction. 

Example. — Given, to multiply \ by |. 

The reasoning b analogous to that of the preceding case; 
fiince I is equal to 5 times the 8th part of unity, the product 
ought itself to be 5 times the 8th part of the multiplicand, |. 
Now, in order to take the 8th of |, we must (43) multiply the 
denominator by 8, which gives /^; and in order to obtain a 
fraction 5 times as great as ^^, we must multiply the numerator 
by 5 ; which gives \% for the product required. 

Then, to multiply one fraction by another , multiply numerator 
by numerator, and denominator by denominator ; then make the 
second product denominator of the first. 



We find, 


thus, 














y 


5 
6 


35 

~72" 






And 


^ 


3 

4 


24 
-60- 


2 

5' 



N. B. In the two preceding cases, the product b always less 
than the multiplicand ; and this ought to be the case, since the 
operation is really taking a part of the multiplicand indicated by 
the fractional multiplier. 

58. Finally, one of the factors of the multiplication, or both 
of them, may be mixed numbers. These numbers are equivalent, 
respectively, to the improper fractions, (the fractions greater 
than unity being called improper fractions), ^-^ and ^^ ; per- 
forming the multinlication of these by the rule above, we obtain 
Ml', or 453V 

We could effect this multiplication by parts ; that is to say, 
multiply, first, 7 by 5, | by 6, 7 by |, and | by J ; then add these 
four products ; but this method is much the longest. 
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Division of Fractions. 



59. Division has for its object: Given, the product of two 
factors, and one of the factors to determine the other. 

It results, obviously, from this definition, and from that of 
multiplication, that the first number, called dividend, is com- 
pounded with the third, called quotient, in the same manner that 
the divisor is compounded with unity. 

This established, in the division as in the multiplication of 
fractions, we distinguish three principal cases. 

1st. To divide a fraction hy an entire number. 

Given, for example, ^, to be divided by 6. Since the divisor 

is 6 times unity, it follows, that the dividend, ^, is equal to 6 

times the required quotient; then, reciprocally, the quotient 

ought to be the 6th part of f . Now, in order to take the 6th 

part of a fraction, or to obtain one 6 times as small, we must (48) 

5 5 

multiply the denominator by 6 : thus, we obtain ,7—: =, or 77:, 

for the required quotient. 

Then, to divide a fraction by an entire number, multiply the 
denominator of the fraction by the entire number ^ leaving the 
numerator the same. 

Thus, 1^ divided by 8 =j^ = 11. 

28 2^ 

In the same manner, 57- divided by 12 = —--. 
oU ooU 

The quotient of ^f by 6, is J/^ ; but we can effect the divi- 
sion of ^1 by 6, by taking the 6th of the numerator, which gives 
2^; the same with -^fj^, when we suppress the factor, 6, com- 
mon to the two terms. Then we add to the above rule, or divide 
the numerator by the divisor, tohen that is possible, 

2d. To divide an entire number by a fraction. 

Given, to divide 12 by J. 
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Since the divisor, ^, is equal to 7 times the 9th part of unity, 

it follows, that the dividend is also equal to 7 times the 9th part 

of the required quotient. Then, taJdng the 7th of 12, which 

gives ^^, we will have the 9th of the quotient sought; and to 

obtain this quotient itself, we must take 9 times y, which is 

done by multiplying the numerator by 9; we thus obtain 

9 times 12 108 ^ ik, 
^ , or -y-, equal to 15f 

Then, in order to divide an entire number by a fraction, we 
must multiply the entire number by the denominator^ and divide 
the product by the numerator. 

Or, we can say, as we have here multiplied 12 by J}, multiply 
the entire number by the fraction inverted, 

3d. To divide a fraction by a fraction. 

Given, to divide | by ^j. 

The reasoning is like the preceding. The divisor, y*^, being 8 
times the 11th part of unity, the dividend, |,> is also equal to 8 
times the 11th of the quotient ; then, the 8th of |, or ^^, is the 
11th of the quotient; and 11 times ^j^^, or |J, is the quotient 
sought. 

Then, to divide a fraction by a fraction, we mutt multiply the 
numerator of the dividend by the denominator of the divisor, 
and the denominator of the dividend by the numerator of the 
divisor; then make the second product the denominator of the 
first. 

Or, in simple terms, multiply the dividend by the divisor with 
its terms inverted. 

Thus, |--4=| times ^=^^=1,^. 

In the same manner, 

28 ^ 13 _ 23 15 _ 28x16 _ 845 
30 • 15 " 30 ^ 13 ~ 80x 13 "" 390* 

(We could have suppressed the factor, 15, obviously common 
to both terms of the product in this last example, before perform- 
ing the multiplication). 
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JN. B. Whenever, in the division of fractions, the divisor is 
less than unity, the quotient will be greater thaif the dividend. 
For this quotient results from the multiplication of the dividend 
by the divisor inverted, a number greater than unity. 

60. Finally, if we have a mixed number, we rediice first the 
entire parts to fractions^ and then proceed as in the case above. 

Given, 12| to be divided by 6§. We have 

12|-6|= v^Y = V X 3%= W- 
In the same manner. 

Remark. — The rules for the division and multiplication of 
fractions can be very readily deduced by regarding them as un- 
performed divisions. 

Remark II. — It is evident that the division of fractions can 
give rise to fitictions with fractional terms, or complex fractions^ 
as they are sometimes called. We can have, for example, 

I 4^+1 I times f 



— > 



4 24 + 1 4| times 4 

Which are reduced to fractions of two terms by performing all 
the operations indicated upon the separate fractions, according to 
known rules. 

Fractions of Fractions. 

61. To the multiplication of fractions attaches itself another 
species of operation, known under the name of the rule f(yr frac- 
tions of fractions^ or compound fractions. 

In order to give an accurate idea of this operation, suppose, 
first, that we have to take a part of the fraction, 4, indicated by 
the fraction, |. As this is the same thing as taking twice the 
third of 4, or (57), multiplying f l>y |> ^^ have for result, 

5 times 2 10 

__________ or 

7 times 3' 21" 



82 FRACTIONS. 

Sappose, now, we wish to take a part of ^f , indicated by the 

fraction, ^ ; we would have, as above, y^ — ot ="97q> *^^ *^^ 

last expression would represent y^ of | of f . 

Hence, we see, that in order to take fractions of fractions, we 
must mvUiplif all the numerators together, and all the denomi- 
nators together, and give the last product as denominator to 
the first. 

When we have to take fractions of fractions of a given entire 
number, we put this entire number under the form of a fraction, 
having 1 for denominator, and apply the rule which has just been 
established. 

Thus, the I of I of f of 4 of v= r.rj:;:? =T^> ^^> 

reducing, 3 J4| = 3^^. 

We can simplify these, and similar operations, by suppressing 
the factors common to both terms. 

Thus, in the example, | of | of j\ of i^ of Y, if we suppress 
the common factors, we have 

-2~' ^"^ ^' "^"^ ^2- 

Approximative Valuation op Vulgar Fractions. 

62. Tn order to complete the general theory of fractions, we 
will resolve the following question, which has many useful appli- 
cations. 

GweUy an irreducible fraction ^ of which the terms are so large, 
that it is difficult to form an accurate idea of its value, to replace 
it hy another which approaches it in value to tcithin certain 
limits, hut whose terms are much more simple; that is, which 
have for denominators, 2, 3, 4, 6, 6, &c. 

Take, for example, the fraction, |||. We propose to find its 
approximate value in twelfths, (i. e.) to replace it by a fraction 
having 12 for denominator. 
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We remark; firsl, that unity being equal to j§, f f| of unity 

523 X 12 
are equal to ||| of j|, or equal to . ^ . Multiplying 628 

by 12, we obtain 6276 ; which, divided by 949, gives 6 for quo- 
tient, and 582 for remainder. Then, the fraction is -f^, with the 

582 
remainder, ^rj^ — =7^, less than yW. Hence, Jn is the value of 
' 949x12' '^ ^^ 

the fraction to within less than j'^. 

63. In general, in order to transform a fraction, -, into ano- 
ther having a denominator, », at the same time differing from the 
first by less than -, we have the following rule. 

Multiply the numerator of the proposed fraction hy n, and 
divide the product hy the denominator, 

JForm, then, a new fraction, having for numerator the entire 
part of the quotient, and nfor denominator. 

General Observations on Fractions. 

64. It results, obviously, from the nature of the methods 
established for the calculus of fractions, that the four fundamen- 
tal operations performed upon them, to wit : addition, subtrac- 
tion, multiplication, and division, are reduced always to the same 
operations performed on entire numbers. 

Thus, for example, the addition and subtraction of fractions 
is brought back, by the reduction to common denominators, to 
the addition and subtraction of their numerators. 

In the same manner, multiplication of fractions is effected by 
multiplying the numerators together, and the denominators. 
Division of fractions becomes multiplication, after inverting the 
divisor. 

We conclude from this, that the principles established in 
Nos. 25 and 26, upon the multiplication of entire numbers, 
are equally applicable to fractions; that is to say, 1st, to multiply 
a fraction hy the product of several others, is the same thing as 
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to multiply the first fraction successively by each one of the factors 
of the product : 2d, (he product of two or more fractions is the 
same in whatever order we perform their multiplication. In 
fine, we can apply to fractions all the propositions established in 
(40), concerning the changes which the product of a multiplica- 
tion, or the quotient of a division undergo, when we cause one 
of the terms of the operation to undergo certain changes. We 
can multiply or divide both terms of any fractional expression 
whatever by the same number, without altering its value ; and 
so on of other principles. We can deduce from the definition 
of multiple and submultiple, or divisor of a number, that there 
exist fractions which are multiples and submultiples of other 
fractions, in the sense that the division of the multiple fraction 
by the submultiple gives an entire quotient. Thus, the fractions, 
ih 2^5? 23' • ... are multiples of iy\, since they contain the 
latter, 6, 4, 3 ... . times, without remainder. 

In general, every fraction has for divisors its half, its third, its 
fourth, &c. ; whence, it follows, that the number of its divisors 
is infinite, which is not true of entire numbers, if the divisors 
are to be entire. 

Two fractions can also have common divisors; thus, ||, 5^, 
have for common divisor the fraction, £^^ and all its submulti- 
ples f for the quotients of || and -^^y divided by -^^^ are re- 
spectively 5 and 2, entire numbers. We can, then, generally 
establish, with relation to fractions, properties analogous to those 
which we have proved concerning the greatest common divisor^ 
and the least common multiple of two or more numbers. 



or r-«» 







CHAPTER m. 

coMFOxnrD nttmbees. 

65. The theory of compound numbers we place here as an im- 
mediate application of the theory of vulgar fractions. The units 
of smaller denominations being fractions of the principal units, 
or units of higher denominations, and fractions being really no- 
thing more than units of lesser value than the principal unit with 
which they are compared. We osaa thus^ in the number, 5|, 
regard the ninths as simple units, and 5 as a number made up 
of compound units, each one equal to 9 times the simple unit ; 
and the 9 under the 4 is the sign or denominator, showing the 
relative value of the simple units expressed by the number, 4^ 
Thus, we have seen, in (No. 8), that in order to value quantities 
smaller than the principal unit, we conceive this unit divided 
into a certain number of equal parts, which we regard as forming 
new units. In the theory which now occupies our attention, the 
principal unit is first divided into a small number of equal parts, 
then these are divided into others, and these new parts into 
others, &c., &c. 

Thus, for coin, the pound sterling, English, is divided into 20 
parts, called shillings; the shillings into 12 parts, called pence, 
j^jc. In the same manner, the unit of length, the yard, is divided 
into 3 parts, called feet ) the foot into 12 parts, called inches, &c. 

66. Every art, each trade, each country, subdivides the prin- 
cipal unit, according to its own method. 

The following tables give for the most important ot these quan- 
tities, the principal units and their subdivisions ; that is to say, 
those which follow the analogies of vulgar fractions. The deci- 
mal divisions of the principal units we reserve for the chapter on 
decimal fractions. 
8 
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TABLES 

In the estimation of time^ the year is adopted as the principal 
unit ; the subdivisions beings months^ weeks, days, hours, minutes, 
seconds. 

The year is divided into 365 days. 

The day 24 hours. 

The hour 60 minutes. 

The minute 60 seconds. 

(The minutes and seconds are generally indicated by ' and ".) 
Or we may write the table thus : 

One second » ^j^ of a minute. 
One minute = ^j^ of an hour. 
One hour = ^^ of a day. 
One day = ^ of a week.. 

Ex, — 5 days, 6 hours, 25 minutes, and 36 seconds, may be 
written either in columns, 6d, 6A, 25', 36", or thus : 

COINS. 

Of coins, we give only the chief divisions of the English cur- 
rency) the American and French coming under the decimal 
systems. 

English Money. 

One pound sterling =» £ is divided into 20 shillings. 

One shilling = s 12 pence. 

One penny =rf 4 fiirthings. 

Or we may write it thus : 

One farthing = | of a penny. 

• One penny = ^j^ of a shilling. 

One shilling =8 ^'^ of a pound. 

Bkc, — 5 pounds sterling, 6 shillings, and 10 pence, may bo 
written £5, 6«., lOcf., or £5 +^ + jj of j'^. 
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WEIGHTS. 



The standard avoirdupois pound of the United States, is the 
weight of 27-7015 cubic inches of distilled water weighed in 
air, at a fixed temperature. This gives us a fixed unit of com- 
parison, or a principal unit of weight, of which the other divi- 
Bions of the table are either multiples or submultiples. 



TABLE OF AVOIBDUPOIS WEIGHT. 

The ton is divided into 20 hundreds « cwt. 

The hundred weight 4 quarters = qrs. 

The quarter 28 pounds = lbs. 

The pound 16 ounces «= oz. 

The ounce 16 drams = dr. 

The cwt in this table contains 112 Ibs.^ but the cwt. of one 
hundred pounds is very generally adopted in commerce, as more 
convenient, and much better adapted to the decimal system of 
the Federal money. 

TROY WEIGHT. 

The standard Troy pound of the United States is the weight 
of 22*794377 cubic inches of distilled water, weighed in air at 
a given temperature. 

^ TABLE. 

The pound (lb) is divided into 12 ounces = oz. 

The ounce 20 pennyweights = dwt. 

The pennyweight 24 grains = grs. 

(7000 grains Troy make 1 Z6. avoirdupois.) 

The Apothecaries' weight for mixing medicines has the same 
principal unit as the Troy weight, but differs only in its subdivi- 
sions. 



f 
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TABLB. 



The pound (lb) is divided into 12 oimces = J . 

The onnee 8 drams s^ 5. 

The dram .* 3 scruples =ss 9. 

The scrapie • 20 grains «gr. 

(The English pound, Avoirdupois and Troy, differ a little from 
those of the United States). 

MEASURI^ OF IjEnatn, ARSA AND YOLUMB. 

Lon^ Measure, 

The principal unit of length is the yard, which is determined 
on the principle in physics that the pendulum which vibrates 
once in a second at the same place on the earth's surface, under 
the same surrounding circumstances, has a fixed and invariable 
length. This pendulum, or metal rod, is then divided off accu* 
rately, and a certain number of these subdivisions is called a 
yard. For the United States, the length of the pendulum is 
determined in New York city, 

TABUB. 

12 inches make 1 foot. 

3 feet 1 yard. 

6 feet 1 fathom. 

5^ yards * 1 pole or perch. 

40 poles 1 furlong. 

8 furlongs 1 mile. 

3 miles 1 league. 

MEASURE OF AREA, OB SQUARE MEASURE. 

The principal unit here, with which surfaces are compared, is 
a square whose side is 1 yard, or square yard. 
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TABLE. 

144 square inches make = 1 sq. foot. 

9 sq. feet = 1 sq. yard. 

30J sq. yards s 1 sq. pole or pcrcA. 

40 perches = 1 rood. 

4 roods = 1 acre. 

The acre then contains 4840 sq. yards. For larger areas, we 
have the square, one of whose sides is a mile. Thb square mile 
contains 640 acres, (called a section in the public lands of the 
United States). 

CUBIC, OR SOLID MEASURE. 

The unit of volume, or solid measure, is a cube having one 
yard for its side, the other divisions being either multiples or 
subdivisions of this. 

TABLE. 

1728 cubic inches = 1 cubic foot. 

27 cubic feet = 1 cubic yard, &c., &c. 

The relations between the three tables of long measure, square 
and cubic measure, depend upon simple geometrical principles, 
which the student will find developed in any elementary work 
upon that subject. 

LIQUID MEASURE. 

The standard gallon of the United States is the wine gallon^ 
which is equal to 231 cubic inches. 

The gallon is divided into 4 quarts. 

The quart 2 pints. 

The pint 4 gills. 

For the higher measures, 

63 gallons = 1 hogshead. 
2 hogsheads =±= 1 pipe or butt. 
4 hogsheads = 1 tun. 
8* 
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DRY MEASURE. 

The principal unit is the bushel. The standard bushel of the 
United States measures 2150-4 cubic inches. The names of the 
subdivisions, though the same as in liquid measure, do not repre- 
sent the same volumes. The gallons, quarts, and joints, in liquid 
measure, measure respectively, 231, 57|, and 28 J cubic inches; 
while in dry measure, Uiey measure 268J, 67^, and 33| cubic 
inches respectively. 

TABLE. 

The bushel is divided into 4 pecks. 

The peck 2 gallons. 

The gallon 4 quarts. 

The quart 2 pints. 

(The English imperial gallon measures 277*274 cubic inches.) 

We see from these tables the great importance of determining 
accurately the standard of length, as all the other principal units 
of commerce depend upon this. Thus, the standard of dri/ and 
liquid measure is a certain number of cubic inches. The standard 
weight is a certain number of cubic inched of wat«f . The standard 
of mouey is a coin containing a given weight of metal. 

67. We call a compound number every concrete or denominate 
number, which contains, at the same time, one or more principal 
units of a certain species, and one or more subdivfeions of this 
unit, or simply one or more subdivisions of the principal unit 
alone. Thus, £10 12». Sd.^ 2^ mis, 4: fur. 1yds,, 70 days, 23 
hours, 10 min., or simply 12s. 10^., 4^. 10w?>i.> &c., &c., are 
compound numbers. 

But, £10, or 10s., or 23 hours, are not compound numbers, 
considered thus isolated. The resolution of the following ques- 
tions serves as a basis for the four fundamental operations on 
compound numbers! 
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68. Question JirsL — A compound number being given, to re- 
duce this number, or express it in units of the smallest subdivi- 
sion of the principal unit 

Given, for example, 2lb, 4iOZ. ITdwts. bgrs., to be converted 
into grains. 

It results from the tables, that the pound equals 12 ounces. 

Therefore, 2 »>. 4 02?. = 2 X 12 + 4 = 28 oz., or, 2/^ lb = f | lb. 
In the same manner, the ounce equals 20 dwt. Hence, 28 oz., 
17 dwt. = 28 X 20 + 17 pennyweights = 577 dwt., or, 28^? = 
V^'y oz. Again, 577 dwt. bgrs.^ 577 x 24 + 5^«. = 13853 
grains, or, 577^^ = * %V ^ ^^*' 

GiQNERAL Rule. — Multiply, first, the number of principal 
units by the number of units of the first subdivision which the 
principal unit contains, and add to the product the units of this 
first division, which are contained in the given number. Then 
multiply the result thus obtained by the number of units of the 
second subdivision which the first contains, and add to this second 
product the units of the second subdivision, which enter into the 
given compound number; and thus, in succession, until we arrive 
at the Icuit subdivision or denomination. 

We will find, by thifi method, 

1st. — 59 lb. 13 dwts. 5 gr. = 340157 gr. 

2d. — 121 lb. Os. ^id. » 58099 halfpence. 

3d. — 23 ^ 55 mm. 19'' :m 26119 seconds. 

69. Second question. — Reciprocally, given a number of units 
of a certain division of the principal unit, to be converted into a 
compound number. The rule to be followed is evident from what 
precedes, and can be enunciated thus : 

Divide, first, the proposed number, by the number which ex- 
presses how nuiny times the given subdivision is contained in the 
subdivision next higher ; we obtain thus for quotient, a certain 
uumber of wiits of this next higher division, and for remainder 
tJie units of the given denomination which are to enter into the 
compound number sought. Divide, then, the quotient obtained 
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hy the number which expresses how many times the subdivision 
next higher is contained in the denomination higher by ttoo than 
the given one ; we obtain a new quotient^ which contains a certain 
number of units of the third denominationy of which we have 
just spoken J and a new remainder j expressing the units of tJie 
denomination next to the given one, which make part of the com- 
pound number sought. Continue thus, until the quotients cea^ 
to be divisible by the number expressing the relation between the 
value of two successive denominations, 

N. B. If we obtain for any one of the remainders, this proves 
that the denomination corresponding is wanting in the number 
sought. 

Let us apply this rule to the first example of (68). 



13853 
120 

185 

173 

5 


24 




577 


20 


177 
17 


28 |12 


4 12 



I^esultf 21b. 402;. lldwL bgr. 
Or thus : 

13853 gr. -j- 24 = 577 dwt. + 5 gr. 
577 dwt. ^ 20 = 28 oz, + 17 dwt. 
2%oz. —12= 21b + 4o«. 

70. Question third, — To convert a given compound number 
into a fraction of the principal unit. 

This is also a consequence of (68). 

Take, for example, 21b. 4 02;. VJ dwt, bgr. This, reduced to 
grains, gives 13853 grs. ; and, by the tables of (66), 1 gr. is ^q 
of 7j\ of 7^3 of a pound, or j-^j^ of a pound ; the required frac- 
tion is obyiously then V\W ^^ ^ pound. 
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Rule. — OommeTice hy reducing the given compound number 
info unit$ of the lowest denomination which it contains; then 
form a fractional number which has for numerator the number 
thus obtained, and for denominator the nftmber of units of this 
lowest denomination which the principal unit contains. 

We win Ibd, by this method, 23 A. 66' 9"= ^ =S 

of an hour. 

71. Question fourth. — Reciprocally, given, any fractional 

number of th£ principal unit of a certain denomination, to con^ 

vert it into a compound number. 

ovnunov. 

GiveD^ for example, ^ <^f a mile to be conyerted 5 

into furlongs, poles, &c. Since each mile eqai^s eight 8 

furlongs, ^ of a mile is ^ of 8 furlongs ; equals ^f of 40 | 7 

1 furlong. We then divide 40 by 7 ; the quotient, 6 5 

5, expresses obviously the furlongs, and the remain- 40 

der, 5, with the divisor, 7, for denominator, is a 200 | 7 

fraction of a furlong which it is necessary to reduce 60 28 

to poles. Now, 1 furlong equals 40 poles ; hence, ^ ~4 



22 



of a fur* «a ^ of 40 poles, equals — = — oi 1 pole. Per- 
forming the operations here indicated, we have 28 for 1 |^ 
quotient, and 4 of a pole, for the fraction- correspond- 
ing to the remainder; 4 of a pole = ^ of 5^ yards = ^,^ of a 
yard, which is equal to 3^. Hence, the required compound num- 
ber is 6 fur. 28 pis. 8^ yds. 

General Rule. — In order to convert a fractional number 
of any principal unit into a compound number, obtain first the 
entire number, if there be one, contained in the fraction; you 
obtain thus a certain number of the principal units. 

Multiply, then, the remainder of this division, by the number 
which expresses how often the principal unit contains the next 
lower subdivision, and divide this product by the denominator 
of the given number ; we thus obtain a certain number of units 
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of this next lower subdivision, and a second remainder, Pro^ 
ceed with this remainder in the same manner, until you arrive 
at a result with no remainder, or exhaust the subdivisions*o/ the 
principal unit, 

N. B. Principal unit can apply to any one of the denomina- 
tions of the tables (66); which has itself been subdivided ; that 
is to say, every subdivision can be principal unit to the subdivi- 
sions below it. 

72. Remark I, — The operations of the two last rules can serve 
as verification for each other. Thus, in applying (71), to the 
fractional numbers of (70), we ought to reproduce the four com- 
pound numbers which correspond. In the same manner, we can 
verify the result of (71), by means of the rule in (70). 

73. Remark II, — The principles which have just been deve- 
loped would be, properly speaking, sufficient to permit us to per- 
form the four fundamental operations of arithmetic upon com- 
pound numbers. 

We would thus pursue the following method : 

1st. Transform the compound numbers, each one into a frac- 
tion of the principal unit corresponding, 

2d. Perform upon these fractional numbers the operation pro- 
posed (according to the rules of the calculus of fractions^ which 
will give for a result a fractional number, 

3d. Convert this fractional number into a compound number 
of the species indicated by the nature of the question. 

Nevertheless, since the direct methods of performing the four 
fundamental operations upon compound numbers give rise to im- 
portant observations, and offer for the theories which we shall 
develop later, useful applications, we will proceed to discuss them, 
83 simply as possible, with very simple examples. 

ADDITION AND SUBTRACTION. 

74. — 1st. Addition. — Place (as in abstract entire numbers), 
the given numbers, one under another, so that the units of the 
same denomination fall under each other ; after which, make 
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the addition of the units contained in each column, commencing 
an the right. 

If the sum of the units contained in a column exceeds the 
number which expresses how many times the unit of the denomi- 
nation corresponding is contained in the unit of the next higher 
denomination y we divide the sum obtained by this number (69) ; 
tec obtain thus a remainder, (possibly 0,) which we write below 
the horizontal line drawn under all the columns, and a quotient 
which we carry to the units of the following column ; we operate 
in the same manner upon this column, and upon each successive 
column. (This rale is obviously established by the same reason- 
ing which was given for the role in simple addition of abstract 
numbers). 

2d. — Subtraction, — Write the smaller number under the 
greater, so that the units of the same denominxition fall under 
each other ; then subtract successively, one from the other, the units 
of eoLch denomination, commencing with the lowest. 

When, in any one of the columns, the number of units to be 
ftuhtracted is greater than the number from which it is to be 
taken, we add to this latter (14), a unit of the denomination next 
higher, converted into units of the denomination on which we are 
operating; the partial subtraction becomes possible. We must 
take care, however, to augment the next number to be subtracted 
by the one unit borrowed f-om this denomination, 

(This rule is obviously founded on the reasoning for subtrac- 
tion of simple numbers). 

We give below some examples: 
£ s, d. 
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ft. 


oz. 


dwt. 


gr. 
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SUBTRACTION. 

£0, 1^ d. mh, /ur, pol. yd. ft in, 

57 13 8 U 3 17 1 2 1 

49 17 11 10 7 30 2 10 

7 15 9 3 3 26 4^ 1 3 

57 13 8 Proof. 14 3 17 1 2 1 Proof 

The methods of yerification are the same as in abstract num- 
bers, taking care to preserve the relative values of the units 
carried from the columns of higher denominations to lower, as in 
the verification of addition, and from lower to higher, as in sab- 
traction. 

MULTIPLICATION. 

75. To multiply a compound number by a simple &ctor, we 
consider the multiplication of each denomination of the compound 
number as a separate question ; then reduce the partial products 
to compound numbers by (69), and add these compound numbers 
by last article. Or, what is l^e same thing, commence on, ike 
right hand, ctnd proceed with the multiplication cu in simple 
numbers, taking care to preserve the proper relcUive values be- 
tween the successive columns. 

Thus, £4 13«. 3(f. to be multiplied by 9. 
£ s. d. 
4 13 3 



41 19 3 
9 times 3 gives 27, which we reduce to shillings, giving 2 for 
quotient, with 3 remainder; set down the 3, and carry the 2 to 
the next nmltipUeation ; 9 times 13 gives 119 «= j65 19«. We 
set down the remainder, and add the 5 to the product of 9 by £4, 
giving £41. If we have one denominate number to be multiplied 
by another, we reduce multiplicand and multiplier to fractional 
numbers of their principal units by (70) ; th^ multiply, and 
reduce the result back to the compound number required by the 
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question ; or we may simply reduce the multiplier to such a frao- 
tioD^ and proceed as in the first example. 

Example. — £2 5«. to be multiplied by 101b boz. avoirdupois. 
We may either multiply |§ by ^-f^, and reduce theiresult to pounds 
and shillings, or we may multiply £2 5«. by ^y^^^, reducing each 
result separately. 

76. Remark. — It results obviously from this mode of pro- 
ceeding, 

1st. That although the multiplier is a deuoidioate number, yet 
we consider the principal unit of this factor and its subdivisions 
as abstract numbers, which express the number of times we must 
take the multiplicand, and what parts of it we must take, in order 
to obtain the required result ; but we preserve always in the mul- 
tiplicand its essential quality of concrete number. 

2d. That all the partial products and the total product are 
always of the same nature as the multiplicand. 

Certain questions of Geometry, however, namely : those which 
have for their object the measure of surfaces and volumes, give 
rise to operations which form exceptions to this general principle. 
The considerations on which these are founded do not belong to 
arithmetic. 

DIVISION. 

We will dwell but little on this operation^ in effecting which, 
in general, it is better to apply the method established in (73). 
Nevertheless, we will consider the two principal cases which can 
present themselves. 

77. Case I. — In which the dividmd and divisor are com^ 
pound numbers of the same npecies. For example : — Required, 
How many yards o{ a certain work can we have executed for 
£75 19s. 5c7., if one yard cost £8 15s. M. ? 

It is clear that, for the resolution of this question, we must 
determine how many times the smaller of these two compound 
numbers is contained in the greater. This is effected, 1st, by 
9 
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reducing the two numbers to tlie lowest denomination which 
enter them ; 2d, by then dividing the entire numbers thus ob- 
tained one by the other. The quotient is at first an abstract 
number, which, according to the enunciation of the question, can 
then be expressed in yards, feet, inches, &o. Converting the two 
given numbers to pence, we find 18,233cf. and 2106c2. The frac- 
tional number then will be \p^^f which can be converted into 
yards, &c., by rule in Art. (71). 

78. Case II. — That in which the dividend and divisor 
are of different species. In this case, whatever be the question 
proposed, the quotient must express principal units of the same 
species as the dividend ; since it is necessary that the dividend, 
considered as a product, must be of the same species as one of its 
factors. But then, the compound divisor, being converted into a 
fractional number of the principal unit, becomes an abstract 
number, by which we must divide the dividend, which is done by 
multiplying the dividend by this fraction inverted (60). 

79. Remark L — We conclude from the above, 1st. That in 
3very division of compound numbers, if the two numbers are of 
the same species, the quotient is considered first as an abstract 
number, which we make express the units and subdivisions of 
units, fixed by the enunciation of the question. This quotient is 
to be the multiplier in the verification of the operation by multi- 
plication. 

2d. That if, on the contrary, the two terms of the division are 
of different species, the quotient expresses necessarily units of 
the same species as the dividend ; while the divisor, though com- 
pound at first, is to be regarded as an abstract number, which 
plays the part of multiplier in the verification of the operation. 

80. Remark II — So far, we have only given one method of 
verifying multiplication, viz : the method by division, and reci- 
procally. But in the practice of the operations upon compound 
numbers, it is generally more convenient to verify, 1st, Multipli- 
cation, by doubling one of the two factors^ and taking the half 
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of &e oth^; then performiDg the operation anew with the re- 
sulting numbers. 2dy Division, by doubling the two terms of 
the division. We avoid thus the difficulties arising from the 
vulgar fractions, which ordinarily accompany the results ar- 
rived at. 

It is evident that this means of verification can also be em- 
ployed with entire abstract numbers. 

EXEROISES. 

1. Find a nifmber, the J, the |, |, and | of which, added to- 
gether, form a sum which, diminished by 139, gives 1289 for 
remainder. 

2. A reservoir is filled by four different pipes. The first can 
fill it alone in 5 hours ; the second in 7 hours ; the third in 9 
hours; the fourth in 11 hours. Required, the time of filling the 
reservoir, all four pipes being opened at onc6. 

3. The population of Asia is estimated at 390,257,000 inhab- 
itants : Required the population of Europe, Africa and America ; 
knowing that the population of Europe is ^^ of the population 
of Asia; that of Africa, j\ of that of Europe; and that of 
America, j\ of the same. 

4. The sea covers || of the whole surface of the globe. The 
surface of Asia is equal to ^y of that of Europe ; that of Africa 
is \* of the same ; that of America, \^^ ; and that of Oceanica, 
1^ ; we know, besides, that Africa has a superficies of 13,450,000 
square miles. Calculate the superficies of the other parts of the 
world, and deduce the number of square miles in the whole 
surface. 

5. Demonstrate that^ by adding the same number to the two 
terms of a fractional number, we obtain a result which approaches 
unity more as the number added is greater. Show that the dif- 
ference between the result and unity can become less than any 
given quantity. 
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6. Find the method of obtaining the greatest common divisor 
of two or more fractions. Apply to the fractions, 

7. Demonstrate the method for obtaining the least common 
multiple of several fractions. 

Apply to the fractions, /j, jj, J§. 

8. What is the greatest common multiple of the fractions, ||, 
^\, and if, less than 100,000. 

9. What will be the price of a piece of stuff, 283^ yards long, 
each yard costing £5 10s. 6c?. ? 

10. 87 tb. 10 02. bdr., of a certain material, was bought for 
50£ lis. 9d. What is the price per pound ? 



CHAPTER IV. 

0/ Decimal FractiOTiSy and their Principal Properties — 0/the 
Decimal Systems of Compound Numbers. 

I. -DECIMAL FRACTIONS. 

81. Introduction. — In the ordinary system of numeration, the 
most simple method, and the most convenient one of subdividing 
unity, is the subdivision into successive j)artSj decreasing in aten- 
fold ratio. From this mode of subdivision result fractions 
which have for denominators unify, followed by one or more 
zeros, and these fractions we call decimal fractions. 

This mode of subdividing unity offers great advantages, inas- 
much as it reduces immediately, or at least by very simple trans- 
formations, all the operations upon fractional numbers, to simple 
operations upon entire numbers. These methods we will develop 
f fter having made known the numeration of decimal fractions ; 
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&at is^ their nomenclature, and the manner of writing them in 
figures. 

82. Numeration of Decimals, — As, by increasing unity ten- 
fold, one hundred-fold, &c., Buccessively, we form new units, to 
which we give the name of tens, hundreds, thousands, and so- 
forth, in the same manner we conceive unity to be divided into 
10 equal parts, which we call tenthsj each tenth divided into 10 
equal parts, which we call hundredths, (because the principal 
unit contains 10 times 10, or 100 of these new parts or units) ; 
then each hundredth divided into 10 equal parts, called thou- 
sandths, and so on ; thus giving ten thousandths, hundred thou- 
sandths, &c. 

In the second place, it results, (5), from the fundamental 
principle of the written numeration of entire numbers, that the 
figures, proceeding from right to left, have their relative value 
increased tenfold for each place to the left, and decreased ten- 
fold, going from left to right. Whence it follows, that if to the 
right of an entire number written in figures we place new figures, 
taking care always to distinguish them by any sign whatever, a 
comma or point for example, from the entire number, we shall 
thus represent successive parts of unity, decreasing tenfold to 
the right; that is, tenths, hundredths, thousandths, &c. 

Thus, the collection of figures, 24,75, expresses 24 units, 7 
tenths, and 5 hundredths; 5,478 equals 5 units, 4 tenths, 7 hun- 
dredths, and 8 thousandths, 

83. Let it be required to enunciate in ordinary language the 
number 56,3506. This number can at first be enunciated 56 
units J 3 tenths, 5 hundredths, thousandths, and 6 ten thousandths. 
But 3 tenths are equal to 30 hundredths, or 300 thousandths, or 
3000 ten thousandths; in the same manner, 5 hundredths are 
equal to 50 thousandths, or 500 ten tlwusandths The number 
can then be enunciated 56 units, and 3506 ten thousandths. 

Thus, in order to enunciate in ordinajy language a decimal 
fractional number writterf in figures, we must enunciate sepa* 
rately the entire part, and then enunciate the part which is to 
9 * 
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the right of the comma, as an entire number, giving at the dose 
the nOfVie of the unit of the last derim,al subdivision. 

Thus, 7,49305 represents 7 units and 49305 hundred thou- 
sandths. In the same manner, 249,007,056 represents 249 units 
and 7056 millionths. We can also, if we wish, include in one 
single enunciation the entire as well as the decimal part 

Take, for example, the number 56,3506. As one unit equals 
10 tenths, or 100 hundredths, 1000 thousandths, &c., it follows, 
that 56 units are equal to 560000 ten thousandths ; and, conse- 
quently, 56,3506 represents 563506 ten thousandths. That is, 
we must, after enunciating the number as if it had no comma, 
place at the end of the number thus enunciated, the name of 
the last subdivision. It is customary, however, to enunciate the 
entire part separately. 

We will indicate a method for enunciating the decimal part, 
which, in general, is more convenient in practice. After an- 
nouncing the entire part, as we have just said, separate mentally 
the decimal part into periods of three figures, beginning at the 
comma, (the last period having often only one or two figures) ; 
enunciate then each period or division separately, and place at 
the end of each partial enunciation the name of the last unit 
of the period. 

. Example. — ^The number, 2,74986329, is enunciated; 2 "units, 
749 thousandths, 863 millionths, 29 hundred millionths. 

84. Reciprocally, we propose to write in figures a decimal 
fraction enunciated in ordinary language. 

Required to write in figures the number; twenty-nine units, 
three hundred and fifty-four thousandths. Write first the entire 
part, 29 ; then, as 300 thousandths are equal to 3 tenths, and 
50 thousandths equal 5 hundredths, place a comma to the right 
of 29, and write successively the numbers 3, 5, and 4 ; we thus 
have 29,354. 

Ii^ like manner, one hundred and* nine units, two thousand 
and three ten thousandths, are written 109,2003. 
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Aeqtiired, again, to write the number eight units, thirty-seven 
thousandths. As thirty thousandths make 3 hundredths, and as 
there are no tenths in the number enunciated, we write 8,037 ; 
that is to say, we make the same use of the in both these last 
cases as in whole numbers, placing it here to the right of the 
comma, to take the place of the tens which are wanting, and to 
give the figures which follow their true value. 

General Rule. — In order to write, in figures, a decimal 
enunciated in ordinary language, commence hy writing the entire 
'part, and after it a comma or point; then write successively, to 
the right of this point, the figures which represent the tenths, hun- 
dredths, dhc, included in the number, taking care to replace by 
zeros the different orders of units which are wanting. If there 
is no entire part, write a to take the place of it, and proceed 
vrith the decimal part as before. 

Thus, seventeen hundredths are represented by 0,17; one 
hundred and twenty-five ten thousandths by 0,0125. 

It may happen that, in the enunciation of the number, the 
entire part is not distinguished from the decimal part. We must 
then write the number as if it expressed entire units, and then 
place a point so that the last figure to the right shall express the 
units of the last subdivision of the number enunciated. 

For example, in order to write the number four thousand, tWb 
hundred and fourteen hundredths, write first 4214 ; and, aa the 
last figure must express hundredths, place the comma between 
the 2 and 1, giving 42,14. Two hundred and fifty-three thou- 
sand and twenty-nine ten thousandths, are represented by 
25,3029. 

85. Decimal fractions placed under the form of vulgar frac- 
tions. A fraction being composed of two terms, the numerator 
and the denominator, the comma serves, in the method which we 
have just developed, to indicate the denominator, which is equal 
to unity, followed by as many zeros as there are decimal figures ; 
that is, figures to lUe right of the comma. The numerator, we 
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have seen, is composed of tbe collectioii of figures to the right 
of the comma. Or, if we consider the entire part as reduced to 
a fraction, the numerator is then the number given, with the 
comma stricken out. Thus, the number, 23,6037, put under the 
form of a vulgar fraction, is 23/^^'^^, or, V(AftV- ^he number, 
2,00409, is equal to 2tt,W^|j, or, f gg^gj. Finally, 0,0002154, 
is equal to jjsUUnJS' Reciprocally, 2y§J|y, or, fggj, is equal 
to 2,053 ; VVoW ^ ^^^^ ^ 17,2049. 

These two traDsformations are of continual use in the calculus 
of decimal fractions. 

86. Changing the place of the point. — If, in a decimal frac- 
tion, we advance the point one or more places to the right, we 
multiply the number by 10, 100, 1000, &c. ; and if, on the con- 
trary, we place it one or more places farther to the left, we divide 
the number by 10, 100, 1000, &c. 

For, let the number be 153-07295. 

Suppose we advance the point three places to the right, which 
gives 153072-95. The two numbers are now H^g3§8^, and 
'* Wu *^* Now, the denominator of the second number is 1000 
times smaller than that of the first, while the numerator is the 
same. Then, the second fraction is 1000 times greater than the 
first. On the contrary, remove the point two places towards the 
left, it becomes 1-5307295, or, jgjgjggj^ a fraction evidently 
100 times smaller than the given one. We could establish the 
same thing by reasoning thus : — By changing the place of the 
point, the value of each figure becomes 10, 100, 1000, &c., 
times greater or smaller. Thus, in comparing 153072*95, with 
153-07295, we see that the figure 3, which expresses in the 
latter simple units, expresses now thousands; the figure 5, to the 
left of the figure 3, which expressed tens, represents now tens of 
thousands; and the same with the other figures. 

87. Zeros placed to the right of a decimal fraction. 

By annexing any number whatever of zeros to the right of a 
decimal fraction, we do not change its valued 
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Thus, 8-415 is equivalent to 3-4150, 3-41500 . . . . ; for these 
numhers can be (85), put under the form, 

3415 34160 341500 

Now, the last two fractions are nothing more than the first, 
with its two terms, multiplied by 10, 100, which (43), does not 
change its value. Then, &c 

Or, we may observe that zeros, placed to the right of decimal 
figures already written, do not change their value ; and, as these 
zeros have no value of themselves, the fraction remains always 
the same. As the value of a figure in a decimal fraction depends 
entirely on the number of places it is distant from the point, it 
is obvious that we do alter this value by prefixing zeros between 
the decimal point and the first decimal figure. 

88. Reduction of several decimal fractions to the same deno- 
minator. 

The principle which has just been established, gives us a me- 
thod of reducing several decimal fractions fo the same number 
of decimal figuresy without changing their value ; or, in other 
terms, to the same denominator. 

For example, the fractions 

12-407 I 0-25 I 7-0456 | 23-4 
are equal to 12-4070 | 0-2500 | 7-0456 | 23-4000. 

They have 10000 for common denominator. These prelimi- 
nary ideas being established, we pass to the four fundamental 
operations upon decimal fractions. 

Addition and Subtraction. 

89. We perform the addition of decimal fractions in the same 
manner as we do that of entire numhers, after reducing them all 
to the same denominator, and we point off in the result as many 
decimal plcLces as there are in amy one of the reduced numbers, 
<yr the greatest number which any one of the given numbers con- 
tains. 



100 DECIMAL FEACnONS. 

A single example will suffice to illustrate and make plain thia 
rule. 

Given, to add the numbers 

32-4056 I 245-379 | 12-0476 | 9-38 | and 459-2375. 

32-4056 
245-3790 

12-0476 

9-3800 

459-2375 



758-4497 



121-2210 Verification. 

We write, first, one zero to the right of the second number, 
and two to the right of the fourth ; we then place the numbers 
thus prepared, one under another, so that the units of the same 
order correspond, and then make the addition in the ordinary 
manner. We find for result, 7584497 ; or, separating the four 
figures to the right, 758-4497; because the numbers added ex- 
press units of the order of ten thousandths. 

In practice, we can dispense with writing the zeros to the right 
of the numbers, which contain fewer decimal places than the 
others, provided we take care to arrange the units of the same 
order in the same column. 

Subtraction is performed in the same manner as in entire 
numbers, after we have reduced the decimals to the same deno- 
minator (88). 

Example, — Given, to subtract 23-0784 from 62-09. 

62 0900 
230784 



390116 



62-0900 Verification. 

We write two zeros to the right of the 62 09, which gives 
62-0900; we then perform subtraction in the usual manner. 
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taking care to separate four decimal figures to the right of the 
result. 

These methods are obviously founded upon the fact that the 
units of different orders, in decimal fractions, having the same 
relations of magnitude, one to the other, as in entire numbers, 
we have the same operations to be performed with the figures to 
be carried as in entire numbers. 

Multiplication. 

90. In order to perform this operation, multiply the two given 
numbers one hy the other j without regarding the comma or point 
which they contain; then separate by a pointy from the right of 
the product thus obtained, as many decimal figures as there are 
in both factors. 

Required, for example, to multiply 35-407 by 12*54. We find 
first for the product of the two numbers, the points being disre- 
garded, 44400378. Pointing off, then, on the right of the pro- 
duct, 3 -f 2, or 5 figures, we obtain for the required product, 
444-00378. In order to see the reason of this method, we re- 
mark, that the two given numbers are equal to (160), VcW? ^°^ 
'^f^^* Whence we deduce the product by the rule in (57), 

35407x1254 ,, , . , ., . , , ,. , , 

^TTTjwc — T^TTT- ; that IS to say, it is necessary, 1st, to multiply the 

two numbers, disregarding the point ; 2d, to divide this product 
by 100000, or unity, followed by as many zeros as there are de- 
cimal figures in the two factors, which is equivalent to separating 
5 decimal figures on the right of the product. The method is 
thus justified. Or, we may reason thus : by removing the point 
from the multiplicand, we multiply it by 1000 ; since, at first, it 
expresses thousandths, but after the multiplication, principally 
units ; then, the product is 1000 times too great. In the same 
manner, by removing the point from the multiplier, we render it 
100 times greater. Thus, by the suppression of both points, the 
product is rendered 100000 times too great ; then, in order to 
bring it back to its just value, it must be divided by 100000, or 
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five figures must be pointed off for decimals on the right. The 
reasoning would obviously be the same, whatever be the number 
of decimals in the two factors. It can happen that one of the 
two numbers, only contains decimals. In this case, we point off, 
on the right of the producty as many decimal figures as there are 
in this number. The demonstration is too easy and obvious to 
detain us. 

We will find, according to these rules, 

1st. The product of 4*057 by 9-503, is 38-553671. 

2d. The product of 4-0015 by 29, is 116-0435. 

3d. The product of 0-03054 by 0-023, is 0-00070242. 

N. B. This last example deserves some attention. Suppress- 
ing the point in the two factors, and performing the multiplica- 
tion, we find for a product, 70242 ; but, as there are Jfvc decimals 
in the multiplicand, and three in the multiplier, there must be 
eight of them in a product which contains only five figures. In 
order to remove the difficulty, we observe, that as the product 
ought to express units of the 8th order of decimals, it suffices to 
write, on the left of 70242, zeros in such number that, the point 
being placed on the left of them, the last figure to the right shall 
occupy the 8th decimal rank. We write three zeros then on the 
left, besides one for the entire number, and obtain 0-00070242. 

Division. 

91. Two principal cases present themselves. Either the divi- 
dend and divisor have the same number of decimals, or this 
number is different. In the first case, suppress the point in the 
dividend and in the divisor ; then operate upon the entire num- 
hers which result from it. according to the ordinary rule of 
division. 

In the second, commence hy reducing the two given numbers 
to the same number of decimal places, or to the same denomina- 
tor. The second case thus becomes the first. 

First Case.— Required to divide 47-359 by 8-234. These two 
numbers can be put under the forms (85), VuW> HM' ^^"^^^g 
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them one by tlie other^ according to rule for the divisioQ of frac- 
47359 1000 47359x1000 47359 
tions (59), we have —^ x g-^-gj = 8234x1000 = "8234' 

suppressing the &ctor, 1000, common to the two terms. 

We see, then, that the quotient required is equal to that of 
the two given numbers with the point removed ; and the rule 
above is proved. We can also say, the two decimal fractions 
having the same denominator, if we suppress the point, we mul- 
tiply the two terms of the division by the same number, 1000; 
then, the value of the quotient remains the same. The division 
of 47359 by 8234, gives for the entire part of the quotient, 5, 
and for remainder, 6189; thus the total quotient is, 5|^||. 

92. Valuation of the quotient in decimals. — The vulgar frac- 
tion, which accompanies the entire part of the quotient, having 
terms pretty large, it is difficult to value it in its present state ; 
moreover, it is natural to endeavour to express it in parts of the 
same species as the given numbers. We arrive at this now by 
the rule in (68) : 



47359 



8234 



61890 5-7516395 



42520 
13500 
"52660 
32560 



78580 
"44740 
3570 



After obtaining the entire part, 5, of the quotient, in order to 
make the remainder, 6189, express tenths, we multiply it (63), 
by 10 ; this we effect by placing a on its right ; then we divide 
61890 by 8234 ; the quotient, 7, expresses then tmths ; and we 
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write it to the right of the figure 5, with a point before it. To 
the right of the new remainder, 4252, we place a 0, in order to 
convert it into hundredths; we then divide 42520 by 8, which 
gives the quotient, 5 ; this we place on the right of 7, and annex 
another to the remainder, 1350 ; and so on, until we have ob- 
tained the number of decimal places which the enunciation ques- 
tion giving rise to the decision demands. 

General Rule. — In order to express, in decimals^ the quo- 
tient of the division of two decimal numbers of the same denom 
minatory or (which is the same thing after the suppression of the 
point), of any two entire numbers whatever y 

Commence by determining the entire part of the quotient j 
(which can be 0), and write a point after it. 

Annex a zero to the right of the remainder ; divide the num- 
ber thus formed by the divisor ; then place the quotient on the 
right of the point. Annex a to the right of the new remainder, 
and perform the division by the same divisor ; write the quotient 
on the right of the two first. Continue thus until you have the 
number of decimals required, 

93. Remark on these approximations. — In the preceding ex- 
ample, we have carried the operation as far as the seventh deci- 
mal figure, in order to establish some principles upon the different 
degrees of approximation which can be obtained by the develop- 
ment of a number into decimals. 

By taking at first only the two first decimal figures, we have 
5-75 for the value of the quotient, to within less than 0-01, since 
the part neglected is obviously less than the unit of this order 
of decimals. Again, as this neglected part is less than 0-002, 
^'TiJi5TJ>^^ shi^j it follows, that 5*75 expresses the value of the 
quotient to within less than ^J^. 

Now, if we take the three first decimal figures, we have 5-751 
for the value of the quotient, to within less than 0-001, since the 

part which we neglect, 0-00063 is less than 0-001. But 

K^i-c we must make an important observation. As the figure 6 
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exceeds 6, it follows that 0-0006 exceeds 0-0005, or a half unit 
of the order thousandths; then, by taking 5-752, instead of 5-751, 
for the value of the quotient, we commit an error in thus taking 
more than the true value, less than is committed when we take 
5'751 for this value; and we can say that 5*752 expresses the 
quotient, not only to within less than 0-001, but to within less 
than the half of 0001. 

Generally, whenever the figure which follows that one at which 
we wish to stop in the division, is less than 5, we preserve the 
figure obtained, and we then have the value of the quotient to 
vyithin less than a half unit of the denomination at which we 
stop. If, on the contrary, the figure which follows is equal or 
greater than 5, it is best to increase by one unit the last figure 
obtained, in order to obtain a value nearer the quotient; the 
error committed is an error of excess, but it is less than a half 
unit of the order at which we stop the operation. 

Thus, in the example above, we have successively for the quo- 
tient of the proposed division, 5-752, too great by less thau a 
half thousandth ; 5*7516, too small by less than a half ten thou- 
sandth; 5-75164, too great by less than a half hundred thou- 
sandth ; 5,751640, too great by less than a half millionth. We 
will add, that when we have arrived at any decimal figure what- 
ever, in the operation performed, the last remainder obtained 
shows whether the following figure of the quotient is greater or 
less than 5, without necessarily calculating this figure. 

If the remainder is less than half the divisor, the following 
figure of the quotient will necessarily be less than 5. 

If this remainder is equal to, or greater than the half of the 
divisor, the next figure of the quotient wUl be equal to, or greater 
than 5. 

Thus, in the example which we have just discussed, the eighth 
figure of the quotient must be less than 5 ; for, the remainder at 
which we stopped, 3570, is obviously less than the half of the 
divisor, 8234. 
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We have here given the whole theory of approximations in 
the valuation of fractional numbers in decimals. 

94. Case Second, — This divides itself into two others : 

Firstly, — The dividend contains fewer decimal figures than 
the divisor. We write on the right of the dividend the number 
of zeros necessary to reduce the two terms of the division to the 
same number of decimal places ; and the question is solved by 
Case First without farther modification. 

For example : — ^Required, to divide 2*405 by 0*03497. Placing 
two zeros to the right of the dividend, which gives 2*40500; 
then, suppressing the comma in both numbers, we perform the 
division of the two resulting numbers, 240500, and 3497, ac- 
cording to the rules in (91 and 92). We find thus the value of 
the quotient to within less than *0001, to be 68*7732. 

Secondly, — The dividend has more decimal figures than the 
divisor ; we can then employ two methods, 

1st. Required to divide 3*470456 hy 1*027. If we suppress 
the point in the divisor, thus rendering it 1000 times as great, 
and if we advance the point in the dividend three places to the 
right, renderiug it thus also 1000 times as great as at first, the 
quotient of the division of these two numbers resulting, will be 
the same as that of the given numbers. The question is thus 
reduced to dividing 3470*456 by 1027. 

3470 456 1 1027 



3894 13*379217 



8135 
"9466 



2230 



1760 
T3"30 
141 
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After finding the entire part, 3, of the quotient^ and the re- 
mainder^ 389, instead of placing, as in (92), a zero to the right 
of this remainder, we bring down the figure 4, which expresses 
tenths, and perform the division, obtaining for quotient, 3, which 
we place on the right of the first, separating ^hem by a point; 
we then bring down to the remainder, 813, the figure 5, which 
expresses hundredths; and we continue thus, until we have 
brought down all the decimal figures which are contained in the 
dividend. When we reach the remainder, 223, we place a zero 
on the right of it, and operate as in case first. We see that this 
method consists in suppressing the point in the divisor, taking 
care to remove it in the dividend as many places to the right as 
there are decimals in the divisor; then, in operating upon the 
residting numbers, as in the first case, with this difierence, that 
instead of annexing at first zeros to the right of the difierent re- 
mainders, we commence by bringing down successively all the 
decimal figures of the dividend. 

2d. We take the same example, and commence by writing to 
the right of the divisor three zeros ; that is to say, the number 
of zeros necessary to reduce the two terms to the same number 
of decimal places. 

We have then to divide 3470456 by 1027000. 



347056 



389456 



1027(000 



3-379217 



81356 
" 9466 



2230 
"l760 



7330 
Hi 



In order to determine the entire part of the quotient, we com- 
mence by applying the. rule of (38), for the division of entire 
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numbers, when the divisor is terminated by zeros. We obtain 
thus the quotient, 3, and the remainder, 389456. Now, in order 
to find the tenths figure, we remark, that instead of multiplying 
the remainder by 10, (i. c.) placing a to the right of it, we can 
divide the divisor by 10; that is, suppress one on its right. 
Performing then the division, we have 3 for quotient, expressing 
tenths, and the remainder, 81356. In the same manner, instead 
of putting a to the right of this remainder, we suppress a se- 
cond on the right of the divisor, and divide 81356 by 10270 ; 
applying still, if we wish, the rule of (38). We obtain thus the 
new quotient, 7, and the remainder, 9466. 

Suppressing the last on the right of the divisor, we divide 
9466 by 1027 ; this gives the quotient, 9, and the remainder, 223. 
Setting out from this remainder, we follow the rule in (92), in 
order* to obtain the remaining decimal figures. This second me- 
thod is obviously less simple than the first ; and we mention it, 
because it gives us the opportunity of showing how to operate 
when we have zeros to annex to the remainders of a division, of 
which the divisor is terminated by one or more zeros. 

95. Particular Cases. — When there are no decimal places in 
one of the terms of the division — For example, we can have 
51-47876 to be divided by 849, or 3145 to be divided by 23-479. 

In the first of these examples, we would proceed according to 
the first method indicated in (94), under the head secondly. 

In the second, we suppress the point in the divisor, and annex 
to the dividend as many zeros as there are decimals in the divi- 
sor. This is the same thing as multiplying both terms by the 
same number. These cases are too simple to demand farther de- 
velopment. 

Conversion op Vulgar Fractions into Decimals. 

96. We have seen in (92) how we are led to convert a vulgar 
fraction into a decimal. This operation forms an essential part 
of the theory of the division of decimal fractions. But we will 
make here an important observation, which shall serve us in the 
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exposition of the properties of decimal fractions, which we have 
to establish hereafter. 

This observation consists in this, that instead of placing zeros 
to the right of the different remainders which we obtain hy apply- 
ing the rule of (92), we can place at once these zeros on the right 
of the dividend, and perform the division of the resulting num- 
her hy the divisor, taking care to place the point in tJie place to 
which it helongs in the quotient. 

In order to establish this second method of proceeding, we 
take the example, \^, and write out both methods. 



180 


47 


13000000] 47 


360 


0-276595 


360 0-276595 


310 


310 


280 


280 


450 


450 


270 


270 




85 


35 



In the first method, after writing a zero in the quotient, to take 
the place of the entire number, we annex a zero to the numera- 
tor, 13, of the fraction, in order to obtain the tenths ; we then 
place another zero to the right of the remainder of this division, 
in order to obtain hundredths, and so on, until the total number 
of zeios thus successively brought down is six. In the second 
method, we multiply the numerator 13 by 1000-000 first, and 
then perform the division. It is obvious that the quotient thus 
obtained differs from that obtained by the first method of pro- 
ceeding, in being 1000000 times greater, and that we reduce it 
to its true value by dividing it by 1000000, or by pointing off 
six decimal figures on the right. 
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DECIMAL STSTEM OF WEIGHTS, MEASTJEES, AND 
COINS. 

Haying now discussed the four fundamental operations of 
arithmetic in their application to decimal fractions, we can ap- 
preciate the advantages which the calculus of decimal fractions 
presents over that of vulgar fractions, and are prepared to judge 
how important it is to establish a decimal system of weights, 
coins, and measures. In the United States we have the decimal 
system of coins in the Federal money. In France, the decimal 
system of weights, coins, and measures, has, after many efforts, 
been established, in spite of the obstacles occasioned by ignorance 
and prejudice. We give these decimal systems, with a few ex- 
amples, in order to illustrate their advantages over the ordinary 
systems, with their irregular subdivisions. 

97. The denominations of the currency of the United States 
are Eagles, Dollars, Dimes, Cents, and Mills, (the last three 
terms expressing their relative values to the dollar by their deri- 
vation). 

TABLE. 

The Eagle is divided into 10 dollars. 

The Dollar 10 dimes. 

The Dime 10 cents. 

The Cent 10 mills. 

The dollar sign being ($), we would, for example, write 56 
dollars, 67 cents, and 5 mills, simply ^56-576. In order to make 
the comparison, if we wished to write £15 10«. 6d, in parts of a 
pound, we would have to write ^15 + ^g + j^ of ^jj. And in 
order to express this decimally, we would have to reduce the 
compound fraction to a simple one, and then the vulgar fractions 
to decimals by last article. 

French Coins. 

The franc is the principal unit of the new French system of 
coins, its divisions being the decime and centime. The Napoleon 
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contains 20 francs. The souy or piece of 5 centimes, is still re- 
tained, but all calculations are made with the franc and its deci- 
mal divisions. 

TABLE. 

The Franc is divided into 10 decimes. 

The Decime 10 centimes. 

Thus, we would write 545 francs, 8 decimes, (16 sous), and 4 
centimes, 545*84 /r. 

We will now explain the nomenclature of the French system 
of weights and measures, to which the name metrical system has 
been given, the metre being the principal unit. 

98. The unit of length, to which we give the name metre, is 
the ten millionth part of the distance from the pole to the equa- 
tor, measured on the meridian of Paris. According to measure- 
ments made and verified with the utmost precision, the metre, 
valued in old French feet and inches, is equal to 3 feet, inches, 
11-296 line, to within less than y^^^^ of a line, or equal to 
39-3809171 of our inches.* In order to designate measures 
smaller or larger than the metre, it is agreed upon to employ the 
following prefixes, (taken from the Greek and Latin). 

Myria, Kilo, Hecto, Deca, Bed, Centi, MiUi, which signify ten 
thousand, thousand, hundred, ten, tenth of, hundredth of,^ thou- 
sandth of, (the multiples being indicated by the Greek prefix, 
the submultiples by the Latin). These prefixes are placed before 
the word metre ; and the following table is formed. For conve- 
nience of comparison, we convert the divisions and subdivisions 
into parts of our inch. 

* This measurement of the arc of the meridian was made under the 
auspices of Arago and Biot. Several degrees, measured with great accu- 
racy, served as a basis for the calculation of the length of the whole 
meridian. 
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Myriametre, or 10,000 metres = 393809-171 inches. 

Milometre, <^ 1000 metres = 39380-9171 " 

Hectometre, " 100 metres = 393809171 " 

Decametre, " 10 metres = 393-809171 " 

Metre, principal unit = 39-3809171 " 

Decimetre, = i\fOf& metre = 3-93809171 " 

Centimetre = y^^ of a metre = 0-393809171 " 

Millimetre = y^^j^ of a metre = 00393809171 " 

N. B. The mt/riametre, and the kilometre, are the itinerary 
measures at present adopted in France. The myriametre is 6*22 
miles. 



Measures of Superficies; or, Square Measure. 

99. The natural unit of surface is the square metre; that is, a 
square which has a metre fbr its side. The decimetre squared, 
or the square which has a decimetre for its side, is jj^j of the 
metre squared; the square centimetre is ttj4^ij> ^^^ ^^ ^^y ^^^ 
the rest. The square decametre is equal to 100 square metres. 
This measure we take for the principal unit in all field measures; 
and this unit is called are. The multiples and subdivisions of 
the are are also designated by the aid of the prefixes, myria, 
hecfOy deciy centi .... Thus, 

The Myriare = 10,000 ares = 

Kilare = 1000 ares 

Hectare = 100 '< 

Decare = 10 " 

Are = the principal unit = 100 sq. ms. = 119-665 sq, yds. = \ 
acre, about. 

Declare =; j'^y of an are. 

Centiare = -j^^y of an are. 

Milliare = i^^-q of an are. 



r 



DECIBfAL SYSTEM OP WEIGHTS, AC. 119 

N. B. The myriarey the hectare, are, and centiarey are the only 
measures used. The centiare is the square metre,^ 

Measures op Volume. 

100. The unit of volume is the cubic metre ; that is, a cuhe, 
(solid, of the form of a die), which has a metre for its side. The 
multiples and submultiples of the cubic metre have as yet re- 
ceived no particular names. The 1000th of the cubic metre is 
called the cubic decimetre, because it is a cube with a decimetre 
for its side, &c., for the cubic centimetre .... When the mea- 
sures of volume are applied to wood for burning, or to materials 
of building, the principal unit or cubic metre is called stere. Wo 
then have the decastere, or measure of ten steres. The stere == 
35-375 cubic feet 

Measures op Capacity, both Dry and Liquid. 

101. The unit of capacity is the cubic decimetre, which is 
called litre. 

As to the decimal multiples and submultiples, we give those 
which are chiefly used. 

Hectolitre.... = 100 litres. 

Decalitre = , 10 litres. [cub. in. 

Litre = principal unit = 1057 U. S. qts. = 61.074 

Decilitre = tV ^^ ^ ^^*^^- 

Centilitre = jj^ of a litre. 

Weights. 

102. The unit of weight is the weight of a cubic centimetre 
of distilled water, at the temperature of maximum density, viz., 
39-5° Fahrenheit. The name given to this unit ib gramme. The 
gramme is equal to 0*002204737 pounds avoirdupois. 

* A partial decimal square measure has been introduced among sur- 
veyors in the United States. The surveyor's chain, 66 feet in length, is 
divided into 100 equal links ; and we have 

10,000 square links = 1 sq. chain. 
10 square chains == 1 acre. 
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TABLE. 

Tho Myriagrammeis =10,000 grammes = 22-04737 

KUogramme = 1000 grammes = 2-204737 

Hectogramme a= 100 grammes= 0-2204737 

Decagramme =5 10 grammes = 02204737 

Gramme = principal nnit = 1 002204737 

Decigramme = j\jof agramme= 00002204737 

Centigramme tr= ^J^ofagramme= 0-00002204737 

Milligramme = -j-^'^^ of a gra. =0-000002204737 

N. B. The half kilogramme is about equal to the old French 
pound, nearly equal to our pound avoirdupois. 

103. Such is the nomenclature of the measures which compose 
the metrical system. We can now judge of the advantages which 
this system possesses over the ordinary measures. 

1st. It is uniform and simple, inasmuch as its principal units 
and their subdivisions follow the law of the decimal system of 
numeration. 

2d. It is fixed, invariable, and susceptible of being adopted in 
all countries, since it is equally adapted to any climate or lati- 
tude. 

All these measures have for their base one primitive measure, 
the metre, which is taken from the dimensions of the earth 
itself. 

We will dwell but little upon the application of the four fun- 
damental operations of arithmetic to the decimal system of weights 
and measures, since every collection of principal units and their 
subdivisions, according to the nomenclature, can be expressed by 
a decimal fraction ; and, therefore, these operations become opera- 
tions upon decimal fractions, considered as abstract numbers. For 
these last operations we have already established fixed rules. 
Nevertheless, we will propose some questions in multiplication 
and division, because they will afford opportunity for some im- 
portant remarks upon approximate calculations. 
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Examples under the different tables illustrating the above, 

1st. — 66 kilometres, 25 decametres, 6 metres, and 9 milli- 
metrei, are written, 66255 009 metres. 

2d. — 25 hectares, 4 ares, and 6 centiares, are written 2604*06 
ares. 

3d. — 34 hectolitres, and 6 centilitres, are written 340 06 litres. 

4th. — 54 myriagrammes, 4 decagrammes, 7 decigrammes, and 
3 milligrammes, are written 540040*703 grammes 

Multiplication. 

104. Question first, — Required, the price of 35 metres, 429 
millimetres of a certain stuff, one metre of which costs $19 and 
76 cents. 

Here, if we multiply 85*429 m, by $19*76, we will obtain a 
product which, expressed in dollars, cents, and mills, will be the 
price required. The abstract product of these numbers (93), is 
700*07704; then, $700*07, or, more exactly, $700*08 is the 
price of 35*429 m. Sometimes the fraction of the metre is ex- 
pressed by a vulgar fraction. In this case, the operation can be 
performed in two ways. 

Question secmid. — What is the price of 23| m, of a piece of 
stuff, at $8*25 cts. per metre f 

1st. The reduction of | to decimals, gives 0*75 ; the question 
is then reduced to multiplying 8*25 by 23*76, which gives 
195*9375; then, $195*94 cte. is the price of the 23| metres, to 
within less than ^ cent (93). 

2d. We could also operate as follows : 
8-25 
23| 

24*75 
1650 



189-75 
i = 4*125 
\ = 2*0625 

195*9375 
11 



122 
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lo tlus operatioDy after fomuDg the product of tbe two entire 
partS; we have added the two partial products, imd phiced the 
point where it properly belooga^ iu order to avoid all error«ui the 
final result. We have then multiplied 8-25 by | (| -f i) by 
taking first the half of 8-25, which gives 4125; then the half 
of this half, which gives 2 0625. Ijiow, taking th^ sum, we get 
195-8375, as by the first method. 

This last method of proceeding is preferable, when die vulgar 
fraction cannot be converted into a limited number of decimal 
figures. 

Third Que$tion, — f o find the price of 89|| metres, supposing 
one metre to cost $4749. 



1st operation, 




47-19 
89H 


« 




424-71 

3775-2 




1 


4199-91 
=23-595 
= 11-7975 
= 7-8650 



42431675 
Thai, 89|^ metres cost $4248*17, to within less than one cent 
Otherwise, commencing by converting || into decimals, we 
.; and we must multiply 89-916666 . . « . by 



find 0-91666 
4719. 

89-91 
4719 



80919 
8991 
62937 
35964 

4242-8529 



89-916 
4719 

809344 
89916 
629412 
359664 

4243-13604 



89-9166. 
47-19 

8092494 
899166 
6294162 
8596664 

4243164354 



This table gives three distinct operations. 1st, with two de- 
cimal figures of the multiplicai^d ^ 2d, with three; 3d, with four; 



DSOIMAL BTBTEM OF WEIQHtd; ftO. 123 

and we see it is tbe last only whieh gives the approximation to 
within less than one tent. 

The difficulty here is to know how many of the decimal figures 
of the multiplicand we must take, in order to be assured that we 
have the degree of approximation required by the nature of the 
question ; while by the first method we obtain a complete result, 
of which we can, according to choice, neglect more or less of the 
decimal figures. 

li, B. We could also reduce 89 j^ to a single fradtion ; then 
multiply 47-19 by this fraction; an op^ratioB longer than the 
first method which we have used. 

Division. 

105. Question Fourth. — A piece of land containing 23 Aec- 
iareSf 9 aresy 25 centiares^ (23 h.y 0925 c), was bought for 
$83,719*25. Required the value of the hectare? 

We must here divide 83719-25 by 230925^ and the quotient, 
valued in dollars and cents, will represent the price per hectare. 

We obtain, by simple division of decimals, $3625-38. 

Question Fifth, — 28^| kilogrammes, of a certain material, 
cost $519 -35. Wha^ is the price per kilogramme f 

Here we may use two methods. 1st, Reduce 28^} (o a single 
fractional nttmber, giving ^, Then multiply 519-35 by ^^^, 
inverted, (Art. 59); we thus find for result, 18-038. 

2d. We convert ^| to decimals, which gives 0*79166 . . . . ; 
then we divide 519-35 by 28-79, taking only two decimal places 
of the divisor; we obtain thus, 18*039. Then, $1804 is the 
price per kilogramme of the stuff. 

These examples suffice to show how we must proceed in the 
multiplication and division of denominate numbers of the decimal 
systems, and to show how much simpler these operations are than 
in the ordinary systems of compound numbers. 
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We will add here, as beloDging properly to the preceding 
theories, some notions upon the different divisions of the circle 
and thermometer. 

106. 0/ the two divisions of the Circle. — The circumference 
of a circle is defined in geometry a recutiant line, all the points 
of which are equally distant from a point within, called the centre. 
In all the scientific works in this country, the circumference is 
divided into 360 equal parts, called degrees (°) j each degree into 
60 equal parts, called minutes (') ; each minute into 60 equal 
parts, called seconds ("). This is called the sexagesimal division. 
When the French reformed their system of weights and measures, 
they adopted also a centesimal division of the circumference of 
the circle, the use of which is becoming very general among the 
scientific men of Europe. In this new centesimal system, the 
circumference is divided into 400 equal parts, called degrees (°) ; 
each degree into 100 equal parts, called minutes O / each minute 
into 100 parts, called seconds (") ; each second into 100 equal 
parts, called thirds ('"), &c. 

Example of Sexagesimal Division, — 45 degrees, 38 minutes^ 
25 seconds, are written 45° 38' 25". 

Example of Centesimal Division, — 28 degrees, 56 minutes^ 
and 23 seconds, are written 28-5623°, in the decimal form. In 
order to reduce the divisions of the sexagesimal system to a com- 
pound number of the centesimal, we observe that the quarter of 
the circumference, called a quadrant, is in one system 90°, and 
the other 100°. Then, 1° sexagesimal = y>^, or \/> of a degree 
centesimal, and vice versd; 1° centesimal = y»^ of a degree sexa- 
gesimal. 

We are thus led to the two following rules : 

1st. To convert a compound number sexagesimal to a com- 
pound centesimal. Reduce, first, to a fractional number of de- 
grees (70) ; then multiply this number by y>, and convert the 
result into decimals. The entire part will express the centesimal 
degrees ; the decimal part, divided into periods of two figures 
each, the minutes, seconds, &c. 

2d. Reciprocally, to convert a compound centesimal number 
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into a compound sexagesimal. Subtract from the given number , 
expressed in dedmal fornij j'^ of this number ^ Qtr simply take 
T*u o/ti). The entire part of the result will represent the num- 
ber of sexagesimal degrees.^ The decimal part we convert into 
minutes and seconds by the known rulefi for oonyerting fractions 
of a higher denomination into units of a lower. 

Examples. — 1st. Convert 34° 59' 17" sexagesimal, into de- 
grees, minutes, and seconds, centesimal. — 34° 69' 17", converted 
to seconds, give 125957", or ^||JJ'' of a degree; this, multi- 
plied by V®, gives *|i|§''. Finally, the division (d 125957 by 
3240, gives 38-875617 or 38° 87' 56" 17'" centesimal. 

Reciprocally, 2d. — To convert 38°-875617 centesimal, into 
degreect, minutes, and seconds, sexagesimal. 
38-8756170 
-j-V 3-8875617 

3?9880553 
60 



59^83318 
60 



16 99908 or^ 84^ 59^ 17". 

Of thk ipRiNciPAti Divisions of the Thermometer. 

107. The thermometers mostly used on the continent of Eu- 
rope are, the thermometer of Reaumur, and the Centigrade. In 
England and the United States, the use of Fahrenheifs thermo- 
meter is almost universal. These all differ in their scales of sub- 
division only. In Reaumur's, the interval between the freezing 
and boiling points of water is divided into 80 equal parts, called 
degrees of R^auiAur; in the Centigrade, this same interval is 
divided into 100 parts, called centesimal degrees. It follows, that 
each degree of Reaumur's is equal to ^^y or |, of the Centigrade 
degree ; and, reciprocally, each Centigrade degree is equal to | 
of the degree of R^umur. Moreover, the fractions of the de- 
gree are expressed generally in both by decimal fractions. Thus, 
it is a very simple matter to transform one into the other. 
11* 
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1st. In order to convert a decimal number of degrees of R^u- 
mur into Centigrade degrees, we add to the number one-fourth 
of itself. The result of the addition is the number sought. 

2d. In order to convert a decimal, number of centesimal de- 
grees into degrees of R^umur, subtract from the given number 
one-fifth of itself, and you have the number sought. 

Thus, for example : 

89°-4716 R. = 394716 + 9-8679 = 49°-3395 C. 
Reciprocally, 

49^-3395 C. = 49-3395 — 98679 = 39°-4716 C. 

In Fahrenheit's thermometer, the freezing point of water is 
32^, instead of 0°, and the interval between that and the boiling 
point (212°) is 180°. Then, the degree of Fahrenheit is fgj 
s= tS» ^^ V ^^ *^® degree Centigrade; and, reciprocally, the de- 
gree Centigrade is |, or ||, of the degree of Fahrenheit. In the 
actual reduction from one of these scales to the other, we must 
always keep account of the different start point, both for negative 
and positive temperatures. Thus, 

1st. To convert a decimal number of degrees Fahrenheit (-f ) 
into centesimal degrees, we must first subtract 32° ; then remove 
the decimal point one place farther to the right, and divide by 
18, (or multiply by 5 and divide by 9). 

2d. To convert a decimal number of degrees Centigrade into 
degrees of Fahrenheit, remove the decimal point one place to the 
left, and multiply by 18, (or multiply by 9, and divide by 5) ; 
then add 32° to the result. 

Example 1«^ To convert 56° -259 Fahrenheit into Centigrade 
degrees. 

56°-259— 32°=24°-259 .... 24°-259 X i|=2 V^«9=13°-477 C. 

2d. To convert 13°-48 C. to degrees Fahrenheit. 

13-48 xig=l-348x 18=24-259. . . . 24-259+32°= 56°-259F. 
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The rules for the conversion of the (minus) degrees, and 

also for conversion of Fahrenheit into E^umur, are too obvious 
to discuss them farther. 

108. General Conclusion. — This first part of our work 
includes all which constitutes elementary arithmetic, the princi- 
pal object of which is the exposition and development of the 
methods to be followed, in order to perform upon numbers all 
possible operations. These operations are to the number of four 
fundamental ones, addition^ stihtr action, multiplicationy and 
division. All the others, such as the reduction of fractions to 
the same denominator, to their simplest form, the conversion of 
a vulgar fraction into a decimal, &c., are nothing more than com- 
binations of those which we have just given. 

There are two other species of operation, or rather two parti- 
cular cases of the last two fundamental operations, of which we 
have not spoken ; because, in order to be developed in a complete 
manner, they require some knowledge of algebra. These are the 
formation of powers, and the extraction of roots of numbers. 
The powers of a number are the products which arise from the 
continued multiplication of a number by itself. Thus, 4x4x4 
X 4 X 4 = the 5th power of 4. The formation of powers is evi- 
dently then a particular case of multiplication. The roots of a 
number are those numbers whose continued products, each by 
itself, will produce the given number. Then, the extraction of 
roots proposes the solution of the problem — Given a 7mmher, to 
find the two equal factors which form it, or the three equal 
factors, &c. ; evidently a particular case of division. We will 
not discuss these, because they are fully treated in all of the good 
text-books on algebra. 

In the next chapter, we propose to consider numbers in a 
general manner, independently of every system of numeration, 
and to develop the properties belonging to any given system. 
This will be in some sort Arithmetic Generalized, 
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CHAPTER V. 

OEinSKAI P&OPEBTIES OF NtTHBESS. 

109. Introduction. — Before going farther into the science 
of numbers, and in order to investigate their properties with 
inore facility, we must borrow from algebra some of its materiab^ 
such as letters and signs (some of which we have used already), 
by the aid of which we indicate, in a general and abridged man- 
ner, the operations and the reasoning which the resolution of a 
question requires. 

1st. The letters, which we employ instead of figures, in ord^ 
to represent numbers. Their use aibrds at once a mode of writings 
more concise and more general than that of figures. 

2d. The sigtt + plu» (already used), to indicate th« addition 
of two or more BUfiibers^ 

3d. The sign minus — (already used), to indiceate the subtrac- 
tion oi one number from another. 

4th. The sign of multiplication is X , or a point, which we 
place between the two numbers, read multiplied hy. Thus, aXb, 
or, a. hf mean a multiplied by b. 

N. B. We have already used both these signs. Now, when 
the numbers, the multiplication of which we wish to indicate, 

(128) 



r 



GENERAL PROPERTIES OF NUMBERS. 129 

are expressed by letters, then this multiplication will be indicated 
also by simply writing one of the letters after the other, with no 
sign between; thus, ah signifies a multiplied by h. But this 
method cannot be employed when the numbers are indicated by 
figures ; for, if we wrote the product of 5 by 6, 56, this notation 
would be confounded with fifty-six. In the case of figures, then, 
X , or some such sign between the numbers, is necessary. An- 
other sign of multiplication is the parenthesis ( ). 

5th. The sign of division, either a bar ( — ^), as already used in 
vulgar fractions, or a bar with two points, thus (-?-), or simply 
two points. Thus, ^^ = 24 -^ 6 = 24 : 6 = 24 divided by 6 

6th. The Coefficient is the sign which we employ, when a 
number denoted by a letter is to be added to itself several times. 
Thus, instead of writing a + a-fa-j-a + a, which represents 
the number a added to itself four times, we write 5a. We say, 
then, the coefficient u the number written on the left of another 
number^ denoted hy one or more letters, to show how many times 
this number is taken, or the number of times plus one it is added 
to itself 

7th. The exponent is the sign which we employ, when a num- 
ber denoted by a letter is multiplied several times by itself. 
Thus, instead of writing aXaXaXaxa, or aaaaa, we 
write simply a* , which signifies that a is multiplied 4 times by 
itself. 

The exponent is then a number written to the right, and a little 
above another number, or letter expressing a number, shounng the 
number of times plus one that this number or representative letter 
is multiplied by itself 

8th. The sign which expresses that two numbers are equal, 
already used (=), read is equal to, or simply equals. 

The a?:ioms applied in the operati-cns on equations we annex 
to this definition, viz : If equals be added to, subtracted from, 
multiplied, or divided by equals, the results will be equal. 

These preliminaries being established, we will take up again 
some of the subjects of which we have treated in the first part, 
in order to investigate them more thoroughly. We will arrive 
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thus at new properties, and at means of simplifying or modifying 
the methods in the different operations of arithmetio. 

[In order to give some idea of the use of these different signs, 
and of the simplicity of the algebndo langaage> we will make a 
few applications. 

Let us suppose, first, that we wish to express that a number, 
represented by a, is to be multiplied 3 times by itself; that the 
product thus resulting is to be multiplied 3 times sucoessively by 
h; and, finally^ the new product is to be multiplied twice by c/ 
we will simply- write a*bV, 

If we wish to express that it is necessary to add this last result 
times to itself, or multiply it by 7, we write Ta^ftV. 

In the same manner, Mb* is the abridged expression of 6 
times the product of the 5th power of a by the second power 
of 6. 

3a — 5J is the abridged expression of the difference between 
the triple of a and the quintuple of b. 

2a* — 3a&+46' is the abridged expression of the double of the 
square of a, diminished by the triple product of a and b, and 
augmented by four times the square of b* 

Let us now see how we can effect, upon quantities expressed 
algebraically, the fundamental operations of arithmetic. We will 
limit ourselves to the most simple cases — those to which we will 
have to refer in the latter part of this treatise. 

Addition. — In order to add two numbers^ a and b, we write 
simply a-f 6. In the same manner, a-f 2>-f-c indicates the addi- 
tion of the numbers o, b, c : that results from the notation we 
have established. In the same manner, a — b and c + d ^-^f, 
added together, form the single quantity, a — 6 + c -f ct — /, If 
we had to add a — b and b — c, we would write a — b -f b — c. 
But as, on the one hand, b is added, and on the other subtracted, 
it follows that these two operations balance each other, and the 
expression is reduced to a — c. 
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Subtraction. — la onier to sabtraet h from «, we wnte a — b. 
In the same iB^iuier, if we wbh to subtmet c from a ^^ b, we 
write a — b — c. 

Let it be required to sobtnust the expFemskm c— rf from the 
expression «-— 6. We can first indicate the snbtrac^on thus: 
a — ^6.^(c— (f). But if we wish to reduce the result to a single 
expression, we must reason as follows : 

If we had to subtract c alone from a — 6, the result would be 
a **—&—€* Now, as it is not Cy but c diminished by d, which is 
to be subtiactedy the result, a^-^-b — r, is too small by the num* 
ber of units in d ; thus, the result will be brought back to its 
just value by adding d to a^^b — c, or writing a — 6— c + d. 

That is to say, In otitr to subtract one algebraio expression 
from another, we must write the one to be subtracted with the 
0^gn8 a/ aU iU termM changed^ ix/ier the other; thus fonning one 
single expression. 

We find by this rule, and analogous reasonings 
8a— (26— 8c) «= 8a— 26 + 8c. 
5a— 46— (6<f — /+^) = 5a— 46— 6(f +/— ^. 

MuLTiPiJCATiON. — Kequired to multiply a* by 6*. 

We write a*x 6', or simply a^6*. 

But if we have a* to be multiplied by a', we observe that the 
number a, being 5 times a factor in the multiplicand, and 8 times 
a factor in the multi{4ier, ought to be 5+8, or 8 times a &ctor in 
the product. Thus, we have a*X a*=sa'; that is to say, %chm 
the mine letter eutert pito both fikctwr^ of the multiplication, we 
write it once i» thejproduct, and give it for exponent the «um of 
its exponents in the iioo factors^ 

Required, now, to multiply a '^ 6 by c. 

We can first indicate the product in thb manner (a — 6) c. 
But, if wc wish actually to perform the operation, we remark, 
that to multiply a — 6 by c (2T), is to multiply c by a — h; that 
is, to take c a — 6 times, or as mapy times as there are units in 
a, diminished by the units in 6. If, then, we multiply first c by 
a, which gives ac&tca, the poroduct is too great by the product 
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of c by h, or he. Thus, we must subtract he frpm ac, and we 
obtain ae — he for the required product, (a — h^e^^ae — he. 
Required, again, to multiply a — ft by c — d. 
The product can first be indicated thus : (a — 6) (c — d). 
But, in order to obtain a single expression, we commence by 
multiplying a — 6 by c, which gives ac — he; and we observe, 
then, that it is not by c alone that we have to multiply a — ft, 
but by c diminished by d. 

Thus, the product ae — ftc is too large by the product of a — ft 
by a; that is, by ad — hd. Then, in order to reduce the pro- 
duct to its just value, we must subtract ad — ftc? from ae — ftc; 
which gives, by the rule of subtraction, ae — ftc — ad-^hd. 
Examining this product, we deduce the foUowing rule : 
In order to effect the multiplication of two algebraic expressions^ 
multiply successively each term of the multiplicand hy each term 
of the multiplier ; observing y that if two terms of the multiplicand 
and multiplier are affected with the same sign, their product is 
affected with the sign -f {plus') ; but if they are affected with 
different signs^ their product is affected with the sign — (minus). 

Division. — We will consider only a single case of this opera- 
tion, in which the two terms of the division contain the same 
letters. 

Eequired to divide a' by a\ 

We can first indicate the quotient in this manner : — --a^ or 

a^-i- a». But a^ is the product of which a' and the quotient are 
the two factors ; hence, the exponent, 7, of the dividend, ought 
to be equal to the sum of the exponent of the factor known, 3, 
and of the unknown exponent of the quotient; then, recipro- 
cally, this last i« equal to the difference between the exponent of 
the dividend and the exponent of the divisor; that is, to 7 — 8 
or 4. 

Thus, -5 = a\ -^7- = a ft . . . . &c. 

' a' a'ft 

Such are the general notions of algebra, of which we will have 

to make use in the fifth and following chapters.] 
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Theory of Different Systems of Numeration, 

110. We bare seen (Ait 6), how, hy the aid of tea characters 
or figures we can represent all nmnbers, setting out with the 
conTcntional principle, ^hat eTery igure placed on the left of 
another, expresses units ten times greater than those of the first 
figure. We now propose to show that we can write all numbers 
with more or less than ten characters, provided we do not use less 
than two, (zero, 0, being always one of these characters). 

We caH, in general, the number of figures emrployed, the base 
of the system. The system in which two figures are used, viz : 
(10), is the binary system, and 2 is the base. The ternary 
Intern, of which 3 » the base, makes use of 8 figures, 1, 2, ; 
the quaternary has fo«r figures, 1, 2, 3, 0> the quinary, five, 
1,2,3,4,0; &c., &c. 

The base may be greater than ten; we must then have recourse 
to additional characters. Thus, in the system of which twelve 
is the base, the duodenary or duodecimal^ we will have to use 
two new signs, a and 0, to express ten and eleven numbers less 
than the base. 

In every system analogous to the decimal system, the conven- 
tional principle holds that every figure placed on tlie left of an- 
othery expresses units as many times greater than those of the 
first figure as there are units in the base of the system.. Thus, in 
the binary system, each figure acquires a value twofold greater 
for each place that it is removed to the left. In the ternary 
system, they increase in a threefold ratio ; and, in general, in a 
system of which b is the base, a figure goes on increasing in a 
b-f old proportion, as it is removed one or more places to the left. 

When a number is written in a system whose base is 6, the 
first figure on the right . expresses the units of the first order; 
the figure immediately on its left the units of the second order j 
the Bext figure on the left the units of the ikird order ; and so 
on. It requires b units of the first order to make one of the 
seeond; h units oi the seoond to form one of &6 third^ &o. 
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111. We pass, now, to the manner of expressing in figures 
any entire number, whatever be the system which we adopt. In 
order to fix our ideas, we will consider the septenary system, 
which makes use of the seven characters, 1, 2, 3, 4, 5, 6, 0. 
Adding unity to Jtr, we obtain seven^ or the unit of the second 
order; which, according to the principle enunciated above, can 
be expressed by 10 ; since the 0, having no value of itself, makes 
the figure 1 at its left express one unit of the second order, or 
seven simple units. Placing, successively, all the figures of the 
system in the first and second place, we will evidently form all 
the consecutive numbers comprised between 10 =: seven and the 
number expressed by 66. 

For example, 11, 12, 13, 14, 15, 16, represent the numbers 
eight, nine, ten, eleven, twelve, thirteen, 20 = fourteen, 21 =: 
fifteen, &o. 

After reaching the number 66, if we add to it a new unit, 
there will result 6 units of the second order, plus seven units of 
the first order; that is to say, seven units of the second order, 
or a single one of the third order, which can be expressed by 
100. Placing, successively, in the first, second, and third places, 
the different figures of the system, we will form all the consecu- 
tive numbers comprised between 100 and the number expressed 
by 666. Beasoning on this last number, as upon 66, we shall 
arrive at the unit of the fourth order, which is expressed by 
1000 ; then we obtain, successively, all the consecutive numbers 
comprised between 1000 and the number expressed by 6666 ; 
and so on, to infinity; whence we see that all possible entire 
numbers can be written in this system. The same reasoning 
applies to any other system. Whatever system be adopted, the 
units of the different orders are respectively represented by 1, 10, 
100, 1000, 10000, &c., as in the decimal system. 

112. N. B. We have said (110), that the character was in- 
dispensable in every system analogous to the decimal system; 
that is to say, in a system where the relative value of a figure 
depends upon the place which it occupies on the left of seveia] 
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others. To speak rigorously, we could do without it; but the 
•system would be less regular, as we shall see. 

Let it be proposed, for example, to establish the ternary sys- 
tem, using the three significant figures, 1, 2, 3. The first three 
numbers are expressed by these figures. In order to represent 
fouryjive, and six, it would suffice to write 11, 12, 13. In order 
to express «et;en, eight, nine, ten, eleven, twelve, we would write 

21 22 23 31 32 33 

In the same manner, 

111 112 113 121 122 123 

would express 

thirteen, fourteen, fifteen, sixteen, seventeen, eighteen. 

It is not necessary to go farther, in order to see the inconve- 
niences of this system. Its principal fault consists in this, that 
units of the same order are expressed in a different manner. 
Thus, in 13 and 23, the figure 3 expresses a unit of the second 
order, the same with the figures 1 and 2 on its left. In 123, 
23 express nine, or units of the third order, the same with the 
figure 1 to the left of them. (The same process might be applied 
to the decimal system as is here applied to the ternary, by using 
a single character for ten, and dropping the 0.) 

In making use of 0, it suffices to determine the number of 
units of different orders which enter into the proposed number, 
and to write, one after the other, the figures which express these 
units. 

113. The perfect adaptation of the nomenclature of numbers, 
and the manner of writing them in figures, in the decimal system, 
permits us to write them easily from dic^tion in ordinary lan- 
guage. The same thing would be true of every system of 
numeration which had a special nomenclature appropriate to the 
system ; in other words, a spoken numeration corresponding to 
its written one. But other systems do not present this immediate 
* connexion with the nomenclature now in use. 
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L^ it be proposed, for example, to express the namber, three 
hundred and sixty-nine^ referred to the decimal sjstem in the* 
septeaarj system. It ia difficult to see, d priori, which are the 
figures proper to express units of the first, second, Uurd .... 
order which it contains. 

Now, since this number, written in figures in the decimal sys- 
tem, is three, six, nine, it follows that the question above depends 
on the following, which is much more general : — A number being 
enunciated in ordinary language, or written in the decimal systeniy 
required to express this same number in the system, whose base 
is b. 

In order to resolve it, we remark, that since it takes b units 
of the first order to make one unit of the second order, as many 
times as the proposed number contains the number b, so many 
units of the second order of the system, whose base is b, will it 
contain ; that is to say, that if we divide this number by 6, the 
quotient will express units of the second order, and the remain- 
der, which will necessarily be less than b, will express the units 
of the first order of the number written in the system whose 
base is b. 

In the same manner, since b units of the second order in the 
system whose base is b, form one unit of the third order in the 
same system, if we divide the quotient which expresses units of 
the second order by b, the new quotient which we thus obtain 
shall express units of the third order, and the remainder, always 
less than J, shall represent the units of the second order written 
in the system whose base is 6, and so on for the rest. 

Whence we see, that in order to pass from the decimal system 
to the system whose base is 5, we must, 1st, divide the given 
number by the base o/ the new system written in the decimal sys- 
tem, and write the remainder of this division apart, as expressing 
the units of the first order in the new system; 2d, divide the quo- 
tient obtained by the same base^ and write the second remainder 
to the left ofthefi^rst, as expressing the units of the second order ; 
3d, divide the second quotient by the same base, and write the 
third remainder on the left of the two preceding^ becatue it ex- 
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j>re89es units of the third order ; continue this series of operations 
nntil we arrive at a qttotient smaller than the base of the new 
system ; this last quotient expresses the units of the highest order ^ 
and is written on the left of all the remainders successiveli/ oh^ 
tained. 

Let us apply this rule to the number, 369, which we wish to 
express in the septenary system. 

7 I 369 
7 ["si (5 1st rem. 
7f7 (3 2d rem. 
"T (0 3d rem. • 

Dividing 369 by 7, we obtain for quotient, 52, with remain- 
der, 6, which we write apart, in order to express the units of the 
first order in the new system. 

Dividing 52 by 7, we find 7 for quotient, and 3 for remainder, 
which we write to the left of 5, as it expresses units of the se- 
cond order. 

Dividing 7 by 7, we have 1 for quotient, and for remainder, 
which indicates that there are no units of the third order ; but 
we write a to take the place. 

Finally, as the quotient 1 is smaller than 7, it expresses the 
units of the fourth order, and the number in the septenary sys- 
tem is (1035). 

On examining this operation, we shall find that we have ob- 
tained the three hundred and forty threes^ the forty nines, the 
sevens, and the units, which the given number, 369, contains 
Hence, we might also proceed by the following rule : 

Find, by inspection, the highest denomination of the new sys- 
tem which the given number contains; divide the given number 
by the number expressing the highest order of units written in 
the decimal system. Set the quotient apart, as expressing the 
highest order of units of the required number in the new system. 
Divide the remainder by the number expressing the value of the 
next lotoer order, and place the quotient on the right of the first 
12* 
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one to express the units of the next highest order. Divide the 
remainder hy the next lower, placing the quotient on the right of 
the two preceding y dbc, dhc. 

Thus, in the same example, 369 to be converted into its equi- 
valent number in the septenary system. We see that three hun» 
dred and forfy-Oiree is the highest order of unit of the septenary 
system which it contains. 

We divide by 343 ; the remainder, 26, 343)369(1 
by 49 ; the remainder, by 7 : the last re 343 

mainder, 6, being necessarily less than 49\26?0 

seven, the base of the system expresses L 1« 

units. nCo we write the quotients from 7)26(3 

left to right, commencing with the first 5 ]agt rem. 

obtained, and write the last remainder 

on the right of the last quotient. We obtain, as before, (1035). 

The first method given is, however, the best, especially for large 

numbers. 

We find, by this method, the number 5347 of the decimal 
system, equal to (12343) of the system which has eight for its 
base. 



8 |5347 




8|668 


(3 Ist rem. 


8 |83 


(4 2d rem. 


8 jlO 

1 


(3 3d rem. 
(2 4th rem. 



(12343) 

Remark, — It can happen that the base of the new system is 
greater than ten, the base of the decimal system. In this case, 
we proceed as follows : — Kequired, for example, to convert the 
number 8423 of the decimal system into its equivalent number 
in the duodenary system. The figures of this system are 1, 2, 
3, 4, 6, 6, 7, 8, 9, a, jS, 0. (The two Greek letters, o and /3, 
being employed to designate ten and ehuen in the new system.) 
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12 I 8423 

12 |"701 (p Ist rem. 

12758 (5 2d rem. 

4 (• 3d rem. 

The base ttoehe being expressed (4a5/3) by 12 in tbe decimal 
system, we divide 8423 by 12, which gives 701, and remainder, 
^ = 11, in the decimal system. We write this |3 apart, as ex- 
pressing units o/thejirst order. Likewise, in the third division, 
we obtain for a remainder ten, which, in the new system, is ex- 
pressed by a; we then write a to the left of the two figures 
already found. We obtain thus (4a5/3) for the equivalent of 
the given number in the new system. 

114. Reciprocally y a number being written in a system tohose 
base is 5, required to enunciate it in the spoken numeration of 
the decimal system ; that is, to convert it into its equivalent in 
that system. 

In general, let ... . hgfdca be a number expressed in the 
system of which b is the base; o, c, dyf, &c., expressing units 
of the first, second, third .... order, (and not being an indicated 
product), as in (4®, Art. 109). It results from the fundamental 
principle established in (110), that the figure denoted by r, ex- 
presses units b times as great as the same figure standing alone 
would express; then, its relative value can be represented by 
cxby or simply by cb (109). In the same manner, the figure a 
expresses units b times as great as those of the figure c : hence, 
its rdative value is equal to the product of <f by 6x & or &', and 
can be expressed ef&'. We could show, in like manner, that/^', 
gb^y ^6* .... are the relative values of the other figures. Then, 
the given number is expressed by 

aJ^cbJtdV'^fb^-^-g^^^'W^ 

Giving to the base b and to the figures a, c, cf, f, particular 
values, we effect all the operations indicated in this expression, 
and we shall obtain the number corresponding to the particular 
data, converted into the decimal system. 
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Keqnired, for example, to convert the number 4367, written 
in the system of eiyhl figures, back into the decimal system. 

This number can, according to the expression above, be placed 
under the form 

74.6x8+3x8"+4x8». 

We have at once, then, 

7 « 7 

6x8 -48 

3x8» -192 

4x8» ..... . = 2048 

2296 

Adding these numbers, we have 2295 for the value of (4367) 
in the decimal system. We can verify the accuracy of this ope- 
ration by the rule of (113). 

8 I 2295 

8 1*286 (7 1st rem. 

8]^ (6 2d rem. 

1" (3 3d rem. (4367). 

And, reciprocally, this last operation can be verified by the 
preceding one, which we will enumerate generally thus : 

Form, first, the different powers of the base, b, torttten in the 
decimal system; multiply then all the figures of the number, 
written likewise in the decimal system, as a, Cj, d, f, g, h, rc- 
spectively, by 1, b, Z»', 6', b*, bK Adding the partinl products, 
we shall have the number required. 

Given, for example, the number (4a5/3) in the duodenary 
system, to be converted into its equivalent in the decimal system. 
Since a and jS, written in the decimal system, are 10 and 11 re- 
spectively, this number can be placed under the form 

Il + 5xl2 + 10xl2«+4xl2». 
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11 = 11 

5x12 = 60 

10xl2« =1440 

4xl2» =6912 

8423 
TheD^ (4a5i3) equals 8423, written in the decimal system. 

115* The two preceding rules lead to a third, more general, 
which has for its object to convert any nnmber from a system 
whose base is hj into its equivalent in a system whose base is c. 

Convert the number from the system h to the decimal system^ by 
(114) ; then from the decimal system to the system c, by (113). 

Eequired, for example, to convert the number (23104) of the 
system whose base is 5, to its equivalent in the duodenary sys- 
tem. We (^}tain, first, for this number, transformed into the 
decimal system, 1654 ; then, for this last, transformed into the 
daodenary system, (p5a). We can verify this operation by 
making the transformations in an inverse order. 

N. B. The above transformation from the quinary to the duo- 
denary system, could be effected directly, without the intervention 
of the decimal system, by performing all the operations required 
in the quinary system ; the only difficulty of this mode of ope- 
rating being the want of agreement between the written numera- 
tion of this system and the spoken numeration, so universally 
in use. 

124. The methods of performing the four fundamental opera- 
tions of arithmetic, upon numbers written in any system whatever, 
do not differ from those which have been established for the 
decimal system. We must only recollect the law which exists 
between the units of different orders, in order to be able to con- 
vert the units of any order into units of the order next higher 
or next lower. 

In order to familiarise beginners with the different systems of 
numeration, we will propose an example of each of the four 
operations in the duodenary system. 
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1st. Required to add 3704tt, ^2956, 27i3a5, 48a0. 

We find for the sum of the simple units thirty-two ; 3704a 

that is to say, 2 twelves and 8 units; we then write 8 /32956 

in the units column, and carry 2 to the column of units 27^a5 

of the second order. The sum of the units contained 48a0 

in this second column is thirty-one, or 2 units of the ic gi^g 
third order, and 7 of the second ; we write the 7, and 

carry the 2 to the next column. Operating in the same manner 
on the other columns, we obtain (15a678) for result. 

2d. Required to subtract from 5a0046 
The number, 47a68/5 

121577 

As we cannot subtract ^ from 6, we borrow one unit of the 
second order from the 4, and say^ from eighteen leave 7. Pass- 
ing to the next subtraction, as we cannot subtract 8 from 8, we 
borrow one unit from the first significant figure to the left. As 
there are two zeros between, we say, this unit thus borrowed 
equals twelve, or jS-f one of the next lower, which one equals |5-|- 
one of the next lower, which one equals twelve of the same order 
with the 3. We then Subtract 8 from fifteen, giving 7. 

In the two following subtractions, we regard the zeros as re- 
placed by /3, and continue the operation to the end. 

3d. Required to multiply 3407a 
by 5a68 

228528 
180360 
294664 
148332 



177608828 



We premise here a table of multiplication as far as the figure p, 
the highest figure of the system, after the manner of the table 
of Pythagoras. 



177608828 


5a68 


1^08 • 
3a082 


3407o 


4a968 
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THs being premised, we multiply 3407a by 8, and say; 8 
times a make eighty, or (68) of duodenary system ; we write the 
8 and carry the 6. Tben 8 times 7 make fifty-six, and 6 make 
sixty-two, or (52) of the duodenary. We write the 2 and re- 
serve 5 for the next column. Continuing this operation, we 
obtain for a partial product, 228528. As to the products of the 
multiplicand by the other figures of the multiplier, the same 
reasoning applies, and we use the same processes as in the deci- 
mal system. Summing up the products, we obtain 177608828. 

4th. Let us verify this operation by divi- 
sion. We simply divide the product ob- 
tained, by one of the factors. In order to 
obtain the number of units of the highest 
order in the quotient, we take the first five 
figures on the left of the dividend, and OOOCT 
divide 17760 by 5a68. For, thus, we see 
. that 17 contains 5 three times, with a remainder. Multiplying the 
divisor by 3, and subtracting the product from the first partial 
dividend, we obtain for a remainder, l/3aO. ' We bring down 8 
and divide l|3a08 by 5a68, obtaining 4 for quotient, and 3a0 for 
remainder. 

When the following figure 8 is brought down, the new divi- 
dend does not contain the divisor ; we then place in the quo- 
tient and bring down 2, which gives 3a082 for the next partial 
dividend. Proceeding in the ^me manner with the rest, we 
obtain 3407a for the required quotient. 

We can now see how we can pass at once from the number 
(23104) of the quinary system, to its equivalent in the duode- 
nary (115). We must divide 23104 by 22, or twelve written in 
the quinary system, and perform the division in that system, we 
would thus obtain a remainder which would express the units of 
the first order in the duodenary system, and a quotient which we 
would divide again by 22, or twelve expressed in the quinary 
system, in order to get the units of the second order, &c., &c. 

117. General Remark, — The duodecimal system oJQTers some 
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advaatages over the decimal^ inssmaok as its base ^v^e^ contains 
a greater namber of factors than ten. For twehe is dirisible by 
2, ^, 4, 6 ; while the only factors of 10 are 2 and 6. 

Nevertheless, we could not sub^hnte the duodenaiy system, or 
any other, for the decimal, without replacing the ancient nomea- 
elatore by a new one, which was more appfopriate to the system 
ad(^^ted, that is^ which made the enunciation of written numbers 
easier. 

We shall perceive, moreover, that the greater part of the pro- 
perties of numbers which have been discovered are true, what- 
ever be the system of numeration which wc adopt, and some, 
which shall seem to belong to the decimal system in particular, 
have their analogous properties in the other systems. The em- 
ployment of the letters of the alphabet in order to represent 
numbers, is well calculated to make the generality of these pro-' 
perties appear, as they can express numbers enunciated in any 
system of numeration whatever. 

Principles op Multiplication and Division. Diviai- 
BiLiTY ov Numbers. 

118. We have already demonstrated (25) and (26). 1st. 
That to muitipiy a number hy the product of several factors, is 
the same thing as multiplying the number su4:cessively by each 
one of the factors, 

2d. That the product of two numbers is the same in whatever 
order we effect their multiplication. 

Though the reasoning were developed upon particular num- 
bers, they are not the less rigorous on that account; and in 
order to convince ourselves, it suffices to go through it again, 
denoting the numbers by the letters a, h, c, &c. 

We propose to verify only the accuracy of the second of the 
above propositions, whatever be the number of fact<yrs to be mul- 
tiplied together. We commence by remarking, that if we had 
to multiply a number N by b, and then to multiply the product 
obtained by c, it will amount to the same thing to mukiply N first 
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by c, and then the product by h. In other terms (8), in a mul- 
tiplication of more than two factors, we can invert the order of 
the last two multiplications without changing their product, or, 
Nx6xc = Nxcx6.* 

For it results from the first principle above, that N X 5 X c = 
N X 6c ; but in virtue of the second principle, we have he s= ch ; 
then, Nx6 x c=:N x c6, or, Nx5xc= N X cx6. Q.E. D. 

From this proposition, and the proposition that the product of 
two numbers is the same in whatever order we take them, it is 
easy to deduce the same proposition for three numbers. 

Let a, b, c, be the numbers proposed. . 

We say that ahc = hac a=t bca = cha = cah = ach. 

For the second product is equal to the first, in virtue of pro- 
position 2d ; the third is equal to the second, in virtue of pro- 
position 3d; the fourth is equal to the third, in virtue of 2d; 
the fifth is equal to the fourth, in virtue of the 3d ; finally, the 
sixth is equal to the fifth, in virtue of 2d. Then all the pro- 
ducts are equal. From this demonstration for three factors, and 
from the incidental proposition (3), we deduce with the same 
faculty the proposition for four factors. 

Let a, 6, c, d, be the numbers proposed. 

"We say then, that 

ahcd = hacd = head = chad = achd = cabd 

:b ahdc = 

=s hcda sss 

=B cadb = 

Firstly, the six products of the first horizontal line are equal 
to each other, in virtue of the proposition for three factors, since 
they result from the multiplication of ahc, hac, &c., &c., by the 
same number, d. The first product of the second line is equal 
to the first of the first line by reason of (3); as to the other pro- 
ducts of this line, we dispense with writing them ; they can be 

* We here for convenience sake, shall give different significations to 
N X ^ X c and N x ^c, regarding the last as the product performed of 
b and c, 

13 
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found eaflily, keeping c in the last place in each ; they are aU 
equal to the first by the proposition for three factors. We could 
thus proceed with the other two lines, applying alternately the 
incidental proposition (3), and the proposition for three factors. 
We thus prove the proposition for all possible products of a, ft, 
Cy df since we cannot form more than 6 products terminated by 
the same letter. The same mode of demonstration can obviously 
be easily extended to any number of factors.- 

119. The demonstration which we have given of the pre- 
ceding principle, supposes that the numbers upon which we are 
reasoning are entire numbers (Arts. 25 and 26) ; but if we re- 
flect a little upon the rules established for the multiplication of 
fractions, we perceive that the property is equally applicable to 
fractional numbers. Moreovet, this proposition completes the 
demonstration of the method established for the reduction of 
fractions to a common denominator given in the chapter on 
fractions. 

Divisibility of Numbers. 

120. The property which certain numbers possess of being 
exactly divisible by others, and the investigation of the divisors 
of a number, form one of the most important theories of arith- 
metic. This theory depends upon a series of principles, which 
we proceed now to develop successively. 

We will first repeat some preliminary definitions which we 
have already given. We say that every entire number, which 
divides exactly another entire number, is called ^ factor ^ divisor ^ 
or submuUiph of this number, and this last is called a multiple 
of the first Every entire number which has no other divisor 
except itself and unity, is called an absolute prime numher, or 
simply a prime number. Two entire numbers are prime with 
each other when they have no other common divisor besides 
unity, which is a divisor of every number. 

It follows from this, that a prime number which does not 
exactly divide another number, is prime with the latter^ as they 
can have no common divisor greater than unity. 
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121. First Principle. — Every number, P, which divides 
exactly one of the f acton of the product A X B, divides neces- 
sarily the product; or, what amouDts to the same thing, every 
entire number which divides another exacUy, divides necessarily 
the multiples of this number. 

"FoT^ let Q be the qmotient supposed exact of the division of 
A by P; we have then A = P X Q, whence, multiplying both 
sides by B, A X B = P X Q X B = P X QB; we see then that 
P is a factor of the product AB. 

122. Second Principle. — Every number which divides exactly 
the product of two factors, and which is prime with one ofthemy 
divides necessarily the other factor. 

Let A X B be the given product, P the number which divides 
this product exactly ; we say that if P is prime with A, it will 
divide B. 

For A and B being by hypothesis prime with each other, if 
we apply to them the rule of the greatest common divisor, we 
will be led to a remainder equal to 1 ; that is to say, denoting by 
r,r'yr"y . . . . 1, the successive remainders, we will have the 
series of numbers. 

APr, /v r", ... 1, A being greater than P; or, PAr, 
/, /', . , . 1, if P is greater than A, for the different terms of 
the divisions to be performed. But, suppose that, before perform- 
ing the operations, we commence by multiplying A and P by B, 
there will result the new series, AxB, PxB, rxB, /xB 
.... 1 X B. Now, all these terms are divisible by P, since P 
is the common divisor of the two first terms. Then 1 X B, or B 
is divisible by P. Q. E. D. 

N. B. It is important to remark that the proposition is only 
true when P is prime with one of the factors of the product. 

For, if we have, for example, on the one hand 28 X 15, and on 
the other 12, which is not prime with either of the two factors 
of the product, the quotient of the division of (28 X 15), or 420 
by 12, is exact and equal to 35, though 12 divide neither 28 
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nor 15. It b obyious in this case, that the two factors contun 
together all the prime factors which compose the divisor. 
Thus we have 

28x 15 r= 4x 7x3x 5 = (4x3)x 7x5:= 12x7x5=12x35 

Consequence of Second Principle, — Any number whatever y P, 
prime with all the factors except one of a product, A X B X C 
. . . ., can only divide theproduct^ when it divides exactly the 
remaining factor. 

This is too obvious for discussion. 

123. Third Principle Every prime number, P, which 

divides txactly the product of two factors, divides one of them 
necessarily. 

For, suppose that P does not divide A, it is necessarily prime 
with A (120); then it must divide B (122). 
From this result the following consequences. 

124. 1st. If a prime number, P, divider the product A X B 

X C X of any number of factors, it divides one of the 

factors at least, 

2d. Every prime number which divides the powers, A', A', 
A*, &c., of any number. A, divides A itself. For ^, A', &c., 

being equal to A X A, A x A X A P, can only divide 

these different products when it divides one of the factors. 

3d. If two numbers, A and B, are prime with each other, their 
powers. A' and B', A' and B', &c., are also prime with each 
other. For any number, a, which is the common divisor of A' 
and B', for example, must divide A and B, which is, by hypo- 
thesis, impossible. 

125. 4th. Every number, P, prime with each one of thefaC" 
tors of a product, A X B X C X ....,«« aho prime with the 
product. For suppose that a prime number, d, differing from 1, 

can divide at once P and the product AxBxC , asrf 

ought to divide one of the factors of the product, P would not 
be prime with this &ctor, which is contrary to the hypothesis. 
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126. 5th. When a nvmher, N, has been formed hy the multi- 
plication of several others, A, B, C, D, . . . ., this number can have 
no other prime factors except those which -already enter into A, 
B, C, D, &c. For every prime number which divides the pro- 
duct, A X B X C X D, and does not divide D, must divide 
A X B X C (123) ; in the same manner, every prime number 
which divides A X B X C, and does not divide C, must divide 
A X B, and, consequently, A or B. Thus, we can say in other 
terms, a number being formed by the multiplication of several 
others, we cannot obtain it anew by multiplying numbers which 
contain prime factors different from those which enter into the 
numbers already multiplied, 

127. Fourth Principle, — Every number, N, divisible by two 

or more numbers, d, d', d", , prime with each other, is 

divisible by their product 

For, since d divides N, we have N = rfx g', y being an entire 
number; but by hypothesis, c?' also divides N, then it divides 
dX q, and, since d and d! are prime with each other, d* must 
divide q exactly ; and we have j = cf' x 9', where ^ is an entire 
number. Hence, N =3 cf X <^' x 2^, and N is divisible by dX d!. 
In the same manner, we can continue and show that N is divisi- 
ble by c? x ^ X d", and so on for the rest. 

128. Consequence, — ^If d, d!, cT', . . . ., numbers prime with 
each other, enter as factors into N a certain number of times, 
each denoted by n, n', ti", . . ., the number N is exactly divisible 
by d* X c?'"' X c?"»", and by all the numbers which we can ob- 
tain by multiplying two and two, thr6e and three ; the different 
powers of d, d', d", . . . ., comprised between the first and the 
n*', n'**, &c , respectively. For, d, d*, <f' , . . . ., being prime 
with each other, cf", cf'"', <f' ■", .... must be so also; then 
(127), their products, two and two, three and three, must be 
exact divisors of N. 

This principle serves as a basis in the investigation of all the 
divisors of a number. 
13* 
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It is useless to observe, that all the propositions established 
thus far are true in all the systems of numeration. 

We will give some now which relate particularly to the deci- 
mal system. 

129. Signs of (he divisibility of one number by others. 

There are certain signs or characteristics by which we can 
often tell whether a number is or is not divisible by others. A 
knowledge of these is often useful in practice. 

The reasoning by which we will establish these signs or cha- 
racteristics of divisibility, rests upon the following principle. 

Let a number, A, be divided into two parts, B and C, so that 
we have 

A = B + C (1). 

1st. If a fourth number y D, divide exactly the two parts, B 
and 0; it divides also their sum, 

2d. If the number, D, divides one of the parts, B, without 
dividing the other, C, it will not divide A ; and the remainder 
of the division of A by D, is equal to that which the division of 
GbyD gives. 

Of the first principle, it is very easy to ^ve a general demon- 
stration. Divide (1) by D, and we have 

D D^B ^ ^ 
Now the two terms, ^ and^, are, by hypothesis, entire num- 
bers; then the first number, g, must also be an entire number. 

As to the 2d principle, it is clear from the above equality (2), 
that if B is divisible by D, and C is not, A cannot be, for wo 
would otherwise have a fraction equal to a whole number. 

Again, B being divisible by D, we have B = DQ (Q an entire 
number) ; C not being divisible by D, we have C = DCy + R. 

Then,B + C = A = DQ + DQ'-fB,orA = D(Q4.Q') + R. 
®^ce we see that A divided by D, gives for quotient, Q+. Q', 
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and remainder, B, of the division of C by D. These principles 
have been obviously assumed under the head of division. 

130. Properties of the numbers 2, 5, 4, 25, 8, 125, 

1st. Evert/ numher terminated hy one of the figures^ 0, 2, 4, 
6, 8, is divisible hy 2. For this number can be decomposed into 
two parts, viz : the part to the left of the simple units, and the 
collection of simple units. (For example, 38576 is equal tc 
385704-6). Now the first part being terminated by 0, is a mul-. 
tiple of 10 ) and 10 we know is divisible by 2 ; then this first 
part is divisible by 2. And if the second part contains 0, 2, 4, 
6, 8, units exactly, it is divisible by 2. Hence, the number is 
divisible by 2. 

If the number is terminated by one of the figures, 1, 3, 5, 7, 
9, it is not divisible by 2, since one of its parts is divisible, and 
the other is not. The numbers divisible by 2, are even num- 
bers, the others, odd numbers. The expression 2n (n being any 
entire number), embraces all the even numbers ; the expression 
271+1) all the odd numbers. 

2d. Every numher terminated hy aQ (zero) or 5, is divisible 
hy 5. The same demonstration as before, for 2. If the last 
figure is diflferent from or 5, the number is not divisible by 5 ; 
and the remainder of the division of this number hy 5, is equal 
to the remainder of the division of the last figure hy 5 (129). 
Thus, 1327 divided by 5, gives for remainder, 2, equal to the re- 
mainder of the division of 7 by 5. In the same manner, 34789 
and 71436 give for remainders,. 4 and 1. 

3d. Every numher of which the two last figures, taken with 
their relative value, form a number divisible hy 4 or 25, is itself 
divisible hy 4: or 25. For this number can be decomposed into 
two parts, the part on the left of the tens, and the part composed 
of tens and units. (For example, 3548 and 27875, are equal to 
3500 + 48 and 27800 + 75). Now, the first part being ter- 
minated by two zeros, is a multiple of 100 ; 100 is divisible by 
4 or 25, since 100 is equal to 25 X 4 ; then, this first part is also 



152 GENERAL PROPERTIES OP NUBiBERS. 

divisible by 4 or 25. Hence, if the second part is divisible by 
4 or 25, then the whole number is. Thus, 3548 is divisible by 
4, because 48 is a multiple of 4; 27875 is divisible by 25, 
because 75 is a multiple of 25. But 13758 is not divisible by 
4, and gives for remainder, 2, equal to the remainder of the 
division of 58 by 4 ; 25659 is not divisible by 25, and gives for 
remainder, 9, or the remainder of the division of 59 by 25. 
For the number 25, the numbers terminating in 00, 25, 50, or 
• 75, are the only numbers divisible by 25. 

4th. Every number y the three last figures of which considered 
with their relative values^ form a number divisible bj/S or 125, is 
also divisible by 8 or 125. 

The demonstration of this is analogous to the preceding. It 
is founded upon the fact, that 1000 rs 125 x 8. 

131. Properties of the numbers 3 and 9. Every number ^ the 
sum of whose figures is divisible by 3 or by 9, is itself divisible 
by 3 or by 9. And the remainder of the division of any num- 
ber whatever by 3 or by 9, is the same as the remainder of the 
division of the sum of its figures by Z or by 9, 

We remark, first, that a number which is composed of unity, 
followed by one or more zeros, is equal to a multiple of 9, in- 
creased by 1. (For example, 10 = 9 + 1 , 100 ^ 99 -h 1, 1000 = 
999 + 1, all the parts, 9, 99, 999, being divisible by 9 and by 3). 
It follows from this, that every number formed by a significant 
figure followed by one or more zeros, is itself a certain multiple 
of 9, augmented by this significant figure. For example, 
70 = 7 X 10 = 7(9 + 1) = 7 x9+ 7, 80000=:8x (1000) 
= 8 X (9999 + 1) = 8 X 9999 4- 8. 

This established, let us take any number whatever, 6205473, 
for example. It can be decomposed in the following manner : 

6000000+200000+00000+5000+400+70+3. 

And, according to what has just been said, it contains two prin-> 

cipal parts. 1st. A sum of several multiples of 9, which sum is 

itself a multiple of 9 (129). 2d. The sum of the figures 

6+2+0+5+4+7+3. 
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In other words, the number can obviously be written 

6 X 999999 + 6 + 2 x 99999 + 2 -f + £t x 999 + 4 x 99 
+ 4 + 7x9 + 7 + 3. 

The first part is divisible by 9. The second part is or is not. 
In the first case, the number proposed is divisible by 9 ; and in 
the second case, the remainder of the division of the significant 
figures by 9 is necessarily the remainder of the division of the 
whole number by 9. The demonstration for 3 is absolutely the 
same. We must make this observation, however, when the 
number is divisible by 9, it is necessarily so by 3 ; but it can be 
divisible by 3, without being so by 9. 

To establish the proposition generally. 

Let gfdcha be the given number, which we will denote, more- 
over, by N ; we have, according to the fundamental principle of 
numeration, N=a+106-flO'*c + 10'c?+10y+10V+ . . . ., an 
equation which can be placed under the form 

+(10-1)J+ (10«-l)c+(10>--iy +(10*— 1)/+ I 
+6 +c +c? +/ + 3 

by adding and subtracting &, c, d^ &c., from the last number at 
the same time. 

Now, according to what was premised above, 10 — 1, 10' — 1, 
10* — 1 .... being divisible by 3 or by 9, the first horizontal 
line is composed of a succession of numbers divisible by 3 or by 
9. Thus, this first part of the number, N, is divisible by 9. 
Then, if the second part, which is nothing more than the sum of 
the figures of the given number, is divisible by 3 or by 9, the 
number itself is divisible by 3 or by 9 ; and, if this last part is 
not divisible by 3 or by 9, the remainder of this division will 
necessarily (129), be the remainder of the division of the num- 
ber itself, by 3 or by 9. 

N. B. In practice, instead of determining the sum total of the 
figures, in order to divide it by 9, we subtract 9 from the partial 
sum so soon as it exceeds or equals 9, as we proceed with the 
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sumraiDg up, and coDtinue the operation to the last figare. 
These partial subtractions do not obviously change the remainder, 
which we seek. 

Example, — Given, the number 

74683056743. 

We saj; 7 and 4 make 11 ; 9 from 11 leave 2 ; 2 and 6 make 
8, and 8 make 16 ; 9 from 16 leave 7 ; 7 and 3 make 10 ; 9 from 
10 leave 1 ; 1 and and 5 make 6, and 6 make 12 ; 9 ^m 12 
leave 3 ; 3 and 7 make 10 ; 9 ^m 10 leave 1 ; 1 and 4 and 3 
make 8. Then, 8 b the remainder of the division of the num- 
ber by 9. 

132. Property of the number 11. — Every number is divisible 
by 11, when the difference between the sum of the figures in the 
odd places^ counting from the right, and the sum.of the figures in 
the even places, is equal to 0, or divisible by 11. 

Before demonstrating this property, it is necessary to re- 
mark, 

1st. That every power of 10 of an even degree diminished by 
unify, gives a result divisible by eleven. 

For this result is necessarily composed of an even number of 
9'«, written one after another. Now, each division of two figures, 
taken separately, forms 99, or 9 X 11, divisible by 11 *, then, the 
numbers themselves are divisible by 11 ; or, in general, lO*" — 1 
is divisible by 11, (2n expressing the even numbers). 

2d. Every uneven power of 10, augmented by unify, gives a 
result divisible by 11. 

For a power of an even degree of the number 10 can be ex- 
pressed by 10^» (130). Now, 10*H-'=10»" x 10, or 10*^«= 
10»- X 10 + 10 — 10 = 10 (10«-— 1) + 10; adding 1 to both 
members, 10*^' + 1 = 10 (10»"— 1) -f 11. But, according to (1) 
IQZn — \ ig divisible by 11; moreover, 11 is divisible by itself. 
Hence, 10*^* + 1 is also divisible by 11. 
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This beiog established, let ... . hgfdcha be the given number, 
which we will callN; wehaveNasa4-106+10't-f.lO'<£+10y. . . ., 
an equation which we can put under the form 

N- I +(10+l)i+(10«-l)c+(10»+l)cf+(10*-l)/.... I 

Now, according to the two preceding remarks, the first line is 
composed of numbers essentially divisible by 11, and forms, con- 
sequently, a first part, which is divisible by 11. Then, if the 
second part, whicb is nothing more than the difference between 
the ium a-f-cH-f+h+ . . . . of the. figwrei in the odd placeSy and 
the sum of the figures b+d+g+ . , , , o/the figures in the even 
places, is divisible by 11, as we have supposed; the number, N, 
is also divisible by 11. Q. E. B. 

133. When the difference between the sum of the figures in 
the odd places, and of those in the even places, is neither nor 
a multiple of 11, the number itself is not divisible by 11, since 
one of its parts is divisible, and the other is not. But, then, 
there are two cases to be considered with reference to the manner 
of obtaining the reminder of the division. 

1st. J^ the stun of the figures of the odd places is greater than 
the second sum^ the difference is to be added to the first horizon- 
tal line of the value of N. Denoting then this first line by B, 
and the difference ta be added by C, we will have, N s B + C ; 
and if C is not divisible by 11, ^ remainder of the division of 
(jhy W wiU he the same as that which toe would obtain hy 
dividing N 6y 11 (129). 

2d. If on the contrary j the «wm of the figwes of the odd 
orders is less than that of the figures of the even orders, the dif- 
ference will have to be subtracted from the first line, and we 
shall have N = B — C; C designating always the numerical 
value of the difference. 

In order to determine in this case the remainder of the divi- 
sion of N by 11, let us observe that we have B = 11 x Q, 
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Q being an entire number, and C = 11 X Q^ + B.*; then, N = 
11 X Q — 11 X ty — R, or, subtracting and adding 11, 

N=llxQ—llxQ'— 11+11— R=ll(Q—(y—l)+ll—R. 

Whence we see in this case the remainder of the division of N 
by 11, is equal, not to the remainder "Si of the division of C by 
11, but to the difference between R and 11. 

In order to fix these ideas, let the number be 47356708. 
Adding up the figures in the odd places, we obtain (setting out 
from the right), 27 ; adding up the figures of the even orders, we 
obtain 13. Now, the first sum is greater than the second. Then, 
if we take the difference, which gives 14, the remainder, 3, of 
the division of this difference by 11, is equal to that of the divi- 
sion of the number itself. But, if we had the number 
370546345, since the sum of the figures of the odd orders is 15, 
and that of figures of the even orders, 22, it follows that if we 
take the difference between the two sums, which gives 7, the re- 
mainder of the division of the number itself is not 7, but 11 — 7, 
or 4. 

134. Verification of multiplication and division, by the pro- 
perties of 9 and 11. 

We cannot pass over a simple and very convenient means of 
verifying the multiplication and division of entire numbers. We 
enunciate this method as follows : 

Add the figures of the multiplicand, and divide the 'sum by 9} 
add the figures of the multiplier, and divide this sum also by 9. 
We thus obtain two remainders, which (131), are nothing m^ore 
than the remainders of the division of these numbers by 9. Mul- 
tiply these two remainders together,, and divide their product by 
9; this gives a third remainder. Finally, add the figures of 
the product, and divide the sum by 9. We obtain thus a fourth 
remainder, which is equal to the third when the multiplication 
has been accurate. Let the two numbers be, for example, 5786 
and 475, to be multiplied one by the other. The multiplication 
being performed, we add the figures of the multiplicand, rejecting 
the 9s by partial subtractions, as in (131). We thus obtain 8 for 
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the first remainder. We operate in the 5786 8 1 2 

same manner on the multiplier which 475 7 1 2 

gives 7 for remainder. This 7 we write 28930 

under the 8, as in tahle. We then multiply 40502 

8 by 7, giving 56, which we divide by 9, 23144 

giving 2 for remainder (or we can say 5 and 

6 make 11, and 9 from 11 leave 2). Finally, 2748350 
we operate upon the product as upon the factors, which gives 2 
for a fourth remainder. This being equal to the third, we con- 
clude that the operation is exact. 

In order to establish this method of verification by 9 in a 
general manner, let us denote by A and B the two factors, by Q, 
(y, R, and R', the quotients and the remainders of the division 
of the multiplier and multiplicand by 9 ; we have the following 
equations, 

A = 9 X Q + R, 

B = 9 X Q' + R'. 
Multiplying these two, member by member, we obtain 
AB = 9x9xQx Q+dxQfx R + 9xQx R' + RxR'. 
Now, the three first terms of the second number of this new 
equation, are evidently multiples of 9; then (129), the re- 
mainder of the division of the product AB by 9, must be that 
which the division of R X R' by 9 gives. And this is what we 
wished to demonstrate. If one of the two factors of the multi- 
plication is divisible by 9, the product ought to be so also ; it is 
the same if the product R x R' is divisible by 9. Or, we may 
express it thus : if one of the first remainders is 0) the third must 
also be 0. Hence, the fourth must be 0. Again, when the first 
two remainders are equal to 3, in which case the third remainder 
is equal to 0. Hence, the fourth must be 0. As to the verifi- 
cation of division, two cases can occur; either there will be a re- 
mainder after the ordinary operation is performed, or there will 
be none. 

1st. If there is no remainder, the dividend is regarded as the 
product exact of the quotient and divisor ; and we can apply the 
14 
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preceding rale regarding the divisor and quotient; as the two 
factors of a multiplication. 

2d. If we ohtain a remainder, we commence by subtracting 
this remainder from the dividend. The result of this subtrac- 
tion will be the exact product of the quotient and divisor^ and 
we operate upon these three as before. 

N. B. The verification bi/9 is liable to several causes of error, 
of which the following are the principal. 

1st. It is possible that either in the partial products or in the 
total product, we may have written a for a 9, or reciprocally ; 
or, in the one, a figure too small or too great by a certain number 
of units, and in the other, a figure too great or too small by the 
same number of units. 

2d. X^ is possible, also, when there are zeros in the multi- 
plier, that we may not have written the partial products far 
enough to the left. We perceive at once, in these different cases, 
that the errors committed have no influence upon the remainders 
of the division by 9, of the terms of the operation to be verified. 

The verification by 9 is only then, properly speaking, a half 
proof, to which we can have recourse when pressed for time ; it 
being certain when the third and fourth remainders are not 
equal, that the operation is incorrect. But if they are equal, 
there is only a great probability that the product is the required 
one. 

The verification by 11, which does not differ from that by 9, 
except in the manner of obtaining the remainder of the division 
of a number by 11, is preferable, though itself subject to some 
errors; but these errors occur much less often than in the 
method by 9. These verifications can 'he applied equally to the 
multiplication and division of decimal fractions, since these ope- 
rations are performed in the same manner as in whole numbers. 

135. There exist also, characterisdcs by which we can tell 
whether a number is divisible by the prime numbers, 7, 13, 17, 
. . . . ; but the rules which it is necessary to follow, are longer 
in practice than the division of the number by 7, 13 
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These questions demand; moreover; a greater knowledge of alge- 
bra than the questions heretofore discussed. 

We will, however, give the following question as an exercise 
for the pupil ; to determine in any system of numeration what- 
ever, whose base is b, what numbers enjoy properties analogous 
to the properties of 9 and 11 in the decimal system^ and to de- 
monstrate these properties. This can be solved very readily ac- 
cording to the principle, that in every system of numeration, any 
power whatever of the base can be expressed by unity, followed 
by as many zeros as there are units in the exponent of the power. 

136. As to the characteristics of the divisibility of a number 
by the multiples, 6, 12, 15, 18, 86, 45, of the prime numbers^ 
2, 3, 5, they are sufficiently simple to find a place here. 

Ist. An even number is divisible by 6 or 18, when the sum 
of its figures is divisible by 3 or 9. For this number is then 
divisible by 2 and 3, or 9 ; now 2 and 3, 2 and 9, are prime 
with each other; then (127), the number is divisible by 6 
or 18. 

2d. A number is divisible by 12 or 86, when the two last 
figures form a number divisible by 4, the sum of the figures of 
the number being at the same time divisible by 3 or 9. For 
then, &c. 

8d. Finally, a number is divisible by 15 or 45, when the last 
figure is or 5, and in addition to this, the sum of the figures is 
divisible by 3 or 9. 

We pass now to the method of finding all the divisors of a 
number, both prime and multiple, * 

137. We will divide this question into two distinct parts : 
The first has for its object to determine aU the prime factors 

which enter into any given number, and the number of times 
that each prime factxyr enters. 

The second has for its object to obtain all the divisors, prime 
or multiple^ which the number contains. 



2820 


2 


1410 


2 


705 


3 


235 


5 


47 


47 


1 
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First Part, — To decompose a number into all its prime 
factors. 

Let the number be for example, 2820. 



2820=2«x3x5x47. 



We draw first a vertical line, to the left of which we place the 
number, the divisors to be written to the right of the same line : 
2820 being divisible by 2, which we write opposite it on the 
right of the vertical line. We perform the division of 2820 by 
2, and write the quotient, 1410, below the 2820. As 1410 is 
divisible by 2, we place this second divisor below the first \ then 
the resulting quotient, 705, below the preceding, and we have 

2820=2«x706. 

Now, we say, that the search for the prime divisors of 2820, 
other than 2, is now reduced to finding the prime divisors of 
706. For, 1st. Every divisor of 706 must divide its multiple 
2*x706. 2d. Keciprocally, every prime divisor of 2820, other 
than 2, must divide 705. 

We are then to operate upon 705 as upon the given number; 
705 is divisible by 3 ; we write this new divisor under the pre- 
ceding; then we place the corresponding quotient, 235, under 
the last already obtained, and from this results the new equality 

2820=2«x 3x235. 

235 not being divisible by 3, the question is reduced to finding 
the prime divisors of 235. Now, this number is divisible by 5, 
which we write in the column of divisors. The quotient of 236 
by 6, 47, we place in the column of quotients. 
We have then the equation 

2820=2«x 3x5x47. 
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We arc now led to seek the prime divisors of 47. But 47 is 
obviously itself prime ; for the simplest prime number, after 5, 
is 7 ; and 7 will not divide it. Moreover, 7 X 7=49, a number 
greater than 47 ; whence we conclude that 47 is a prime number. 
Dividing it bj itself, we set the quotient, 1, below the others. 
Here the operation ceases, and we have 2820=»2*x 3x5x47 
for the number 2820, decomposed into its prime factors. 

138. Important Ren%drJc, — "Bq^oiq going farther, let us gene- 
ralize what has just been said, in order to prove that 47 is a 
prime number; we will thus establish for every number a limit 
above which it is iiseless to go in the search for its prime 
divisors. 

Let N be the given number, and suppose that we have tried 
in vain, as divisors, all the prime numbers up to ascertain numberi 
a, the corresponding quotient of which is j, a fractional number 
less than a. We say, that the trial of any other number would 
be useless, and that N b a prime number 

For we have, according to the supposition, N==aX2' ($' being 
fractional and less than a). Now, if there existed a number a} 
greater than a, which could exactly divide N, we would have, 
denoting the quotient by ^y ■ 

Naea'xj' (^ being an entire number). 

Whence, a X q^^a' xqf- Now, a' being greater than a, ^ 
must, to compensate, be less than ^, which is itself less than a. 
Hence, the number N would have an entire divisor less than a, 
which is contrary to our hypothesis. 

Take, for example, the number 263. No one of the prime 
numbers, 2, 3, 5, 11, 13, will divide this number. But, trying 
17, we find a fractional quotient, 15 + f^^ a number less than 
17 ; whence, we conclude, that 263 is a prime number. 

In general, the limit of the trials in the search for the prime 
divisors of a number, is the smallest prime number which gives a 
fractional number less than (his numher taken for the divisor. 
There are other limits which we will not investigate. 
14* 
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Let us now render general the method whicli we have, for the 
sake of clearness, commenced, by developing upon a particular 
example. 

Let a be the smallest prime number, commencing with 2, 
which divides N. We divide N by a, the quotient by a, the 
second quotient by a, as long as the exact division is possible. 
Calling n the number of divisions which we have found it possi- 
ble to perform, we have the equation N=a"xN' (N' being 
entire). We pursue the same course of reasoning as in (137), 
to show that the question is now reduced to operating upon N' 
in the same manner ; falling h the simplest prime number which 
divides N', and p the number of successive divisions which can 
be performed, we have N = a"xfc*'xN", (N" being entire), 
admitting that c and d are the only factors of N'', so that we 
have 

N" = c» X N'", and N'"cf, 
we obtain 

N = a» X ftp X c« X d% 

and the number N is thus decomposed into its prime foctors ; 
and we know, too, the number of times that each one of these 
factors enters into it. 

It results, moreover, from the general proposition (126), tJiat 
these prime factors, raised to the powers denoted hy the exponents, 
n, p, q, s, respectively, form the only system of prime factors 
into which the number, N, can be decomposed, 

140. Second Part, — To determine all the divisors, both simple 
and multiple, of any number whatever. 

From the same form under which we have just represented 
the number N, results a method of resolving this question. Let 
us write 

1, a, c?, a?, a*, .... a" (n + 1 terms). 
1, b, b\ b% b*, , . , , bv(p + l terms). 
1, c, c*, c*, c*, . . . . c« (j + 1 terms). 
1, d, d^, c2*, cf*, . . . . c?* (« + 1 terms). 
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It IS evident that we would obtain all the divisoi« of N, unity 
included, by multiplying all the terms of the first line by all of 
the second, then all the terms of the product, by all the terms 
of the third line, and, finally, all the terms of« the new product 
by those of the fourth line, since the different terms of this last 
product, are the products 1 and 1, 2 and 2, 3 and 3 . . ., of a, 
6, c, . . ., raised to powers whose degrees do not exceed n,py q^ 
and 8. Now, the number of this last product is (n+1) x (p+1) 
X (j 4- 1) X (« + 1). From this we deduce the following rule, 
also, for the total number of divisions of any number. 

Increase hy unity the exponents^ n, p, q, s, . . . <?/* the differ- 
ent prime /actors which enter into the number, N. Then multi- 
ply together these eaponents, thus augmented hy unity ; the pro- 
duct expresses the total number of divisors of N, unity being 
comprised among the number. 
Let N, for example, be equal to 

2» X 3« X 6* X 7 X 13«. 
The expression above becomes, in this case, 

4x3x6x2x 3, or 432; 
thus, the number N has 432 divisors. 

141. The method which we have just indicated for determin- 
ing all the divisors, prime and multiple, of a number, being not 
very convenient in practice, we will explain upon a new ex- 
ample, a more expeditious process. 

1 

6880 2 
2940 2,4 
1470 2,8 
735 3, 8, 12, 24 

246 6,10,20,40 16,30,60,120 
49 7, 14, 28, 66 21, 42, 84, 168 | 36, 70, 140 | 280 | 
106, 210, 420, 840 
7, 49, 98, 196 | 147, 294, 688, 1176 | 246, 490 
980, 1960 I 736, 1470, 2940, 6880. 

In all, 4 X 2x 2 X 3, or 48 divisors. 
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Explanation of the Table, 

After having determined the prime divisors of 5880, by the 
method of (137), 'we write 1 above the factor 2, in the column 
of divisors. We pass to the second divisor, 2, by which we mul- 
tiply the preceding; this gives the new divisor, 4, which we 
place on the right of the second divisor. Passing to the third 
divisor, 2, we multiply 4 only by 2, and place the product on 
the right of the third divisor. Passing to the divisor, 3, we 
multiply it by all the divisors which precede, viz : 2, 4, 8 ; 
which gives the new divisors, 6, 24, 48, which we place on the 
right of the divisor 3. 

In a word, when we descend to a new divisor, we multiply all 
the divisors which precede by this divisor, taking care not to 
repeat, however, the products already obtained. It is certain 
that the products to which this mode of proceeding leads, com- 
prehend all the divisors of the given number ; since they are the 
combinations of the factors, 2, 3, 5, 7, raised respectively to 
powers whose exponents do not exceed 3 for 2, 1 for 3, 1 for 6, 
and 2 for 7. 

142. The search for the prime factors of every number, is one 
of the most important questions of arithmetiq, and ouq of the 
most useful in practice. One of the applications we ha,ve seen 
in finding the least common multiple of several numbers. We 
may also apply it in finding the greatest common divisor of two 
numbers, this being obviously the product of aU the prime fac* 
tors common to the tioo numbers. Thus, for example : 

We find for the prime divisors of the number 2160, 1 x 2 x 
6 X 5 X 43, and for the number 3612, X X 2 X 2 x 3x7x43. 
Hence, the G. C. D. of these two numbers is 2 x 43=86. The 
reasons are obvious from the preceding articles. 

Formation op a Table op Prime Numbers. 

143. The principles which we have established concerning 
prime numbers, and the application which have been njade of 
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them, show sufficiently the utility of a table of this sort of num- 
bers, as extended as possible. 

There are several tables of this sort, some of them compre- 
hending all the prime numbers from 1 to 3036000. 

To give some idea of the manner in which such tables are 
made, suppose that we wished to form a table of prime numbers 
from 1 to 1000. 

The first thousand numbers are written one after another in 
the most convenient form possible ; for example, in ten columns, 
containing one hundred numbers each. 

We then proceed as follows : 

We draw lines across, 1st, all the even numbers except 2 ; 
2d, all the multiples of 3 except 3, which remain after the first 
operation; 3d, and, in the same manner, the multiples of 6, 
other than 5, which have not been crossed in the first two opera- 
tions. This done, we can affirm that all the numbers which 
have not been thus marked, from 1 to 7 X 7, or 49, are prime 
numbers, since all the multiples of 2, 3, and 6, as well as the 
multiplies of 7, below this limit, have- necessarily been marked ; 
and we have thus the prime numbers from 1 to 47. In the same 
manner, if we mark all the multiples of 7, from 49 up to 121, 
or 11 X 11 (11 being the prime number which comes directly 
tSter 7), we are then certain that the numbers preceding 121, 
which are not marked, are prime numbers; we thus obtain all 
the prime numbers from 47 to 113, inclusive. 

Without carrying the details of this operation any farther, it 
is easy to see that we are thus led, to suppress, successively, all 
the multiples not yet suppressed, of the prime numbers already 
found, 11, 13, 17, . . , until we arrive at the number 997, the 
last one remaining of the first thousand numbers, after the suppres- 
sion already made of 998, 999, and 1000, as multiples of 2 and 3. 
We find, thus, the succession of 169 prime numbers comprised 
between 1 and 1000, the table of which we subjoin, adding the 
six prime numbers which follow them. 
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Table of Prime Numbers from 1 to 1033. 



1 


97 


229 


879 


641 


691 


868 


2 


101 


233 


888 


647 


701 


877 


8 


103 


289 


889 


657 


709 


881 


5 


109 


241 


897 


668 


719 


883 


7 


113 


251 


401 


669 


727 


887 


11 


127 


257 


409 


671 


788 


907 


13 


131 


263 


419 


677 


739 


911 


17 


137 


269 


421 


687 


743 


919 


19 


189 


271 


481 


698 


761 


929 


23 


149 


277 


438 


699 


767 


937 


29 


151 


281 


439 


601 


761 


941 


81 


167 


283 


448 


607 


769 


947 


87 


163 


293 


449 


618 


773 


958 


41 


167 


807 


467 


617 


787 


967 


43 


178 


311 


461 


619 


797 


971 


47 


179 


813 


468 


631 


809 


977 


68 


181 


817 


467 


641 


811 


988 


69 


191 


881 


479 


643 


821 


991 


61 


193 


887 


487 


647 


823 


997 


67 


197 


847 


491 


663 


827 


1009 


71 


199 


849 


499 


669 


829 


1018 


78 


211 


853 


603 


661 


839 


1019 


79 


228 


369 


509 


678 


858 


1021 


88 


227 


867 


521 


677 


857 


1081 


89 




873 


623 


688 


859 


1033 



144. Remark upon the greater common divisor. 

We may find it necessary sometimes to find the greatest 
common divisor of several numbers. For this we give the 
following rule. We find first the G. C. D. of two of the num- 
berSy then the G. C. D. of the one already found and a third 
number, then the Gt, C. D. of this last common divisor and a 
fourth number 

Let A, B, C, E, F, . . . be the given numbers, and call D 
the G. C. D. of A and B, IX the G. C. D. of C and D. Then 
we say that D' is the G. C. D. of A, B and C. For the G. C. D. 
of A, B and C, must divide D, and moreover must divide C. 
Hence, the greatest number which divides both C and D, is the 
greatest common divisor of A, B and C, and D' is that number. 
The same course of reasoning will apply to the rest of the 
numbers. 



GENERAL PBOPEBTIES OF NUMBERS. 167 

We see that there is some advantage in operating first upon 
the two simplest numbers, since the G. C. D. sought cannot exceed 
that which exists between these two numbers. 

We could also decompose the numbers into their prime factors, 
and proceed as in the method proposed in (142). 

145. Remark upon the least common multiples. 

We have already given a method of finding the least 
common multiple of several numbers in the chapter on vulgar 
fractions, which is rendered complete by the method of obtaining 
ihe prime factors of any number whatever ^ given in (137, 138). 
We give here another method founded upon the preceding theo- 
ries. We consider, first, the two numbers, A and B. Denoting 
their greatest common divisor by D, and by q, <( the quotients 
of the division of A and B by D, we have the two equations, 
A=bDx J, Bs=D X ^; q^ and c[ being prime with each other. 

Now, we say, that the least common multiple required is 
equal to 

D X jr X j'. 

For this product is obviously a multiple of A and B, since it is 
divisible by D X j and D X <(> i* remains to be proved that it is 
the least multiple which we can obtain. 

Let us call Mwaj multiple whatever of A and B. In order 
to be divisible by A or D x ^, M must contain all the factors 
which enter into each one of the numbers, D and q; for the 
same reason it must contain all the factors of each of the numbers 
D and ^ ; and since q and q' are prime with each other, M can- 
not be less than D X j X 9'. We have then the following rule : 
Determine the Gt. C D. of A and B ; then divide A and B by the 
G. C. D. ; multiply the G. C. D. and the product of the two quotients ; 
this gives M for the least common multiple of A and B. Find 
the least common multiple in the same manner of M and C. 
^ This will be the L. C. M. for A, B, C. Operate in the same man- 
ner on all the rest of the numbers in succession. The method 
given under the head of reducing fractions to the least common 
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denominator, can be reduced to practice thus, (now that we know 
the method of finding all the prime factors of any number). 

For example, take the numbers^ 6, 9, 4, 14, and 16. 

2)6, 9, 4, 14, 16 

2)3 9 2 7 8 

3)3 9 1 . 7 4 

13 17 4 2x2x3x3x7x4=leastcom. mult. 

We place the numbers in a horizontal line, and commence with 
the prime number, 2, as a divisor. We divide all those numbers 
which are divisible by 2, and bring down the quotients, together 
with the numbers not divisible. We proceed in the same manner 
with the quotients, until there are no two which 2 will divide. 
We then divide the last quotients and numbers brought 
down by the prime number, 3, and continue the operation 
until there are no two numbers left divisible by any number 
greater than unity. We then multiply the divisors and the 
numbers thus remaining together for the least common multiple. 
It is evident that we thus form the least number divisible by the 
given numbers. 

Op Periodical Decimal Fractions. 

146. The valuation of vulgar fractions by decimals, that is to 
say, by tenths, hundredths .... of the principal unit, gives rise 
to singular circumstances which merit an examination. But, be- 
fore entering upon the discussion of them, we must return to tlie 
method for converting a vulgar fraction into a decimal. 

We have seen that, in order to effect this reduction, we must 

1st. Anne^ a to the numerator, and divide the result inff 
number hy the denominator ; this gives the tenths of the quotient 
and a remainder. 2d. Write a new on tJie right of the re- 
mainder, and divide hy the. denominator, obtaining thvs tJie 
hundredths of the quotient. We continue this operation until we 
have reached the degree of approximation required. This pro- 
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i is evidently the same as multiplying the numerator hy unity ^ 
followed hy as many zeros as we wish decimal figures in the rC' 
stilt ; then dividing the result hy the denominator, and pointing 
off in the quotient the number of decimal figures required. 

147. This enables us to demonstrate the two following pro- 
perties : 

1st. Every vulgar fraction whose denominator does not contain 
any prime factors other than 2 and 5, is reducible to a limited 
number of decimal figures ; that is to say, after a certain num- 
ber of operations, we must arrive at a remainder equal to ; in 
which case the decimal fraction obtained expresses the exact 
value of the given fraction. Besides, if the fraction is reduced 
to its simplest form, the total number of operations to he per- 
formed in order to reduce it to its equivalent decimal is altoays 
equal to the greatest of the two exponents of 2 and 6, which enter 
into the denominator. 



Thus, 


the fractions 


i. hh ih ^\%, 


which can be placed under the forms 




7 
2*' 


13 11 317 

5«' 2».5' 2.5*' 



are reducible to a limited number of decimal figures. The first 
gives rise to three operations, the second to two, the third to 
three, and the fourth to 4. 

We find, in fact, for their values, 

0-876; 0-62; 0276; 0-2686. 

In order to prove this property generally, we remark, that 

10, 100, 1000 being equal to 2x 5, 2'x 5', 2»x 5^ , 

if, in order to effect the reduction to a decimal fraction, we mul- 
tiply the numerator by 10, 100, 1000 . . . ., the resulting product 
will necessarily be divisible by 2 x 6, 2' x 6' .... ; then, in 
15 



170 GENERAL PROPERTIES OF NUMBERS. 

multipljiDg this numerator by unity, followed bj as fnaay eoios 
as there are units in the greatest of the exponents of 2 and 5^ 
which the denominator contains, the resulting product will ne* 
cessarily be a multiple of this denominator. 

Then, the number of operations to be performed is equal to 
the greatest of the two exponents of 2 and 5, which enter the 
denominator of the given vulgar fraction. 

148. Every irreducible vulgar fraction^ tchose denominator 
contains one or more jjmme factors different from 2 and 5, 
gives rise to an infinite number of decimal figuret. Moreover, 
the decimal fraction resulting from it is periodical; that is to 
say, after a certain number of operatkms, the same decimal 
figures recur again. 

For the multiplicJation of the numerator by 10, 100, 1000, can 
only cause the introduction of the two fkctors, 2 and 5, raised to 
certain powers ; thus, the prime factor which we suppose to be 
in the denominator, and not in the numerator, will not be in the 

latter, after this multiplication by 10^ 100, Then, whatever 

number of zeros we add. We shall nevei* obtain a product exactly- 
divisible by the denominator; thus, the operations c«ui be canied 
on to infinity. 

We say, moreover, that the decimal fraction will be periodical. 
For, as each remainder is always less than the divisor, it follows 
that when we shall have performed as many divisions as there 
are units less one in the divisor, we will necessarily arrive at a 
remainder already obtained, (if, in fact) this remainder does not 
recur sooner). Now, annexing a to this remainder, we will 
have a partial dividend exactly the same with one of the pre- 
ceding ; whence it fbllows, that we will have a series of quotients 
and remainders equal to the preceding, recurring periodically , 
setting out from the first partial dividend, which is equal to any 
of the preceding. 

Let us make some applicaticms of this« 
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149. Bequired to reduce the fraction, |, to deeimalB. 
60)7 

10(0-857142 I 857142 
60 
"lO 

To 

"20 

Here the period shows itself afiter the 6th partial diyision. 
Second Example, — Let the fraction he \^. 

180) 87 

"l9b(0-331 I 881 
~60 

li 

In this example, the period oommences with the fourth partuJ 
diyision. 

ThirdJSxami^j §}. 

290)84 



880(0-84628809 | 628809 

lio 

"200 
"328 
"680 

loo 

~44 



The period is manifest here after the 8th operation. But the 
two first decimal figures form no part of the period, while in the 
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first two examples the period commences with the first decimal 
figure. The periodical decimal fractions, whose period com- 
mences with the first decimal figure, are called simple periodical 
fractions; and those whose period commences after a certain 
number of decimal places already written^ are mixed periodical 
fractions. 

150. We have just seen that certain vulgar fractions^ reduced 
to decimals, give rise to periodical decimal fractions. 

Reciprocally f every periodical decimal fractiony simple or 
mixed, arises from a vulgar fraction, which can eoMly he found 
from any given periodical fraction. 

This question presents two distinct cases ; either the periodical 
fraction b simple or it is mixed. Let us consider the first case. 

Take, for example, the periodical fraction 

0-613513513513 

and let us designate by N the fraction which has given rise to it. 

We have N«0-513513513 .... (1) 

Multiplying the two members of this equation by 1000, which is 
done in the second member by removing the point three places 
towards the right, we obtain 

Nxl000=613-613513513 

Or (2) Nx 1000=613 + 0-513513513 

Subtracting (1) from (2) we have 

Nx 999=513. 
Then N=|4|. 

Let the fraction be N=0-714285714285 (1) 

Multiply both members by 1000000, we have 

Nx 1000000=714285-714285 (2) 
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Subtracting the first from the second, 

Nx999999«714285 
714285 



N= 



999999 



Reducing the fractions |^| and |i$||f to their simplest 
termS; we get 

^ and 4. 

What we have shown proves that a simple periodical fraction 
is equivalent to a vulgar fraction which has for numerator the- 
figures of the period.^ and for denominator a number composed 
of as m^any 9'g as there are figures in the period. 

Thus, for an additi<«al example, the fraction 0'B51351351 

is equivalent to the fraction H^Bs^ySB j|. 

Again, the fraction 0-03960396 is equivalent to y||, 

or simply ^%=j^h^riT' 

• In general, if aj =s 0, ahcde .... ahcde .... ahcde (where 
ahcde .... represent decimal figures with theif relative values 
and not products')^ we shall have 

ahcde .... 
'^"" 99999 .... 

N. B. If the periodical fraction contains an entire part, we 
do not regard it in forming the vulgar fraction ; but we add it to 
the vulgar fraction found after it is reduced to its simplest t^nns. 

Thus, given the periodical fraction 

4162162 



We have, 


first, 










0162162 . . 


•^-ill^VA- 


■A- 


Then, 


4162162 


»4 + /, 


-w 





151. Second Ca«e.-^ Required to find the equivalent vulgar 
fraction, or generatrix, as it is sometimes called, of a periodical 
mixed fraction, 
15* 



174 GENERAL PROPERTIES Of NUMBERS. 

Giyen, for example, the fraction 

3-45891891 

Multiplying this fraction by 100, we obtain 345-891891 ; and, 
according to (N. B.) of preceding article, this expression has for 
its value 

^,^ 891 345x999 + 891 
^^^ + 999'"'' 999 ' 

345 X (1000—1) + 891 345546 
or, ^ ^^^ — , or 



But, as we have multiplied the fraction by 100, in order to 
reduce the result to its true value, we must divide it by 100 ; 
we thus obtain ^VifW^ ^ fraction which, reduced to its simplest 
form, becomes f ||8, the generatrix of the mioced periodical 
fraction, 3-45891891 

K the fraction were under the general form, 

OfpqrSf ahcdcy abcde .... 

its value would be 

ahcde 
^" + 99999' 

after multiplying it by 10000, or 

pqrs X 99999 + alcde 
99999 ' 

or, reducing the result to its true value, 

pqrs X 99999 -f ahcde 
999990000 * 

We say, then, any mixed periodical fraction whatever is equi" 
valent to a vulgar fraction which has for its numerator the 
period, augmented hy the product of the part which precedes the 
period hy a numher composed of as many 9s as there are figures 
in the period, and for denominator this same numher of 9s, 
followed hy as many zeros as there are figures in the part which 
precedes the period. 
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Take, for another example, 

0-3193069306. 
The preceding rule gives for its value, 

9306 + 31 X 9999 _ 9306 + 31 (10000 — 1) _ 
999900 "" 999900 "" 

309969 + 9306 319275 _ 129 
999900 ~ 999900 "" 404' 

We give here as examples of simple and mixed periodical 
decimals, 

1st. 0-9999 =1 = 1 

2d. 0-012345679012345679 = ^V 

3d. 0-987654320987654320 == §|t 

4th. 16-285714285714 = 

5th. 4-9428571428571 = 
6th. 5-52027027 = 

1 a;o mi, • PQ'"'^ ^ 99999 + ahcde , , ^ 

152. The expression ^ — 999990000 ^^^ ^ ^^^^ ^^' 

markable consequences. It can be put under the form 

j>^r8 (100000 — 1) + ahcde 

999990000 ' 

equal to 

p^rsOOOOO — pqrs + ahcde 
999990000 ' 

This being established, it is obvious from this last form, that 
if the calculations which are indicated in the numerator are 
effected, the result cannot be terminated bj one or more zeros ; 
for, in order that this should be the case, it would be necessary 
that some of the last figures of pqrs should be the same as the 
last figures of ahcde; and, in this case, the period would not 
commence after the 4th decimal figure, as we have supposed. 
(For example, if we had s = e, r = d, the primitive fraction 
would be 0, pqdeahcdeahc . . . .) We s^e, then, that after the 
reduction of the expression above to its simplest terms, the result 
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most be a fi^ction, whose denominator contains ih« two factors, 
2 and 5^ or at least one of the two, to the 4th power; that is to 
say, to a power whose degree is denoted by the number of %ar^ 
which form no part of the period. 

We can infer from this the two following propositions : 

1st. Every fraction whose denominator does not contain either 
of the two factorsy 2 and b^ or is prime with 2 and 5, gives rise^ 
when reduced to decimals^ to a simple periodical fraction. 

For, if we could obtain a mixed periodical fraction, it should 
follow, thai the equivalent vulgar fraction, which we obtain by 
the rule in (151), being reduced to its simplest terms, should be 
equal to the given fraction. Now, that is impossible, (for in 
order that one irreducible Auction be equal to another fraction, 
the terms of this last must be the same multiples c^ the terms 
of the first).* 

It results, then, that the denominator of the proposed fraction 
would be a multiple of 2 or of 5; which is contrary to tho 
hypothesis. 

2d. Every irreducible fract/ion^ whose denominator contains 
one of the factors, 2 and 6, or both, raised to a certain power j 
gives rise to a mixed periodical fraction, whose period must 
commence after we have found as many decimal figures as there 
are units in the greater of the two exponents of 2 and 6, which 
enter into the denominator. 

First, the periodical fraction cannot be simple ; for the formula 

abcde 
for these sorts of fractions being ^gg^g 9 it is impossible 

that this fraction, whose denominator does not contam either of 

* The terms of every irreducible fraction are prime with each other, 
and every fraction whose terms are prime with each other is an irredu- 
cible fraction. This is obvious, as this reduction depends upon suppress- 
ing the common divisor of the two terms. Hence, it is obvious, that no 
two irreducible fractions can be equal, unless the terms are identical in 
l>oth, nor can an irreducible fraction be equal to anj other fraction whose 
temis are not the same multiples of the temu of ihs first fraction. 
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the factors^ 2 and 5, should be equal to the ^ven fraction whose 
denominator contains these factors. 

In the second place, the period must commence after n figures, 
if n express the greater of the two exponents of 2 and 5, which 
is found in the denominator; for suppose, for example, that it 
commences after n — 1 figures ; the equivalent to this periodical 
fraction would have a denominator which would only contain the 
two factors, 2 and 5, or one of them to the (n — l)th power, and 
could not be equal to the given fraction, since these two fractions 
are supposed to be irreducible. 

For example, the fractions |, ||, (149), gave simple periodical 
fractions, because 7 and 37 are prime with 2 and 5 ; but the 
fraction, ||, gave a mixed periodical fraction, whose period com- 
mences after the second figure, because 84 is equal to 2* X 21. 

Finally, the fraction, |^|, which can be put under the form 

145 
5j-Tpr, should give a periodical fraction whose period commences 

after the 4th decimal figure. 

We find, in fact, for the value of this fraction in decimals, 
0-8238636636 

153. We will not carry farther the examination of the proper- 
ties of periodical decimal fractions, but close by observing that 
properties analogous to the preceding manifest themselves in any 
system of numeration whatever. The fractions in any other 
system, which enjoy these analogous properties, are those whose 
denominators are powers of the Base of the«Bystem. Let this 
base be b. 

First, in order to reduce a vulgar fraction into subdivisions b 
times smaller than unity, and into other subdivisions b times 
smaller than the first, &c., it would be necessary to multiply the 
numerator by 6 or 10 ; that is to say, to annex a 0, and divide 
the result by the denominator ; which should give in the quo- 
tient units b times smaller than the principal unit, and a certain 
remainder ; to write a new on the right of the remainder, and 
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divide the result by the denominator, giving in the quotient units 
h times smaller than the preceding, and 1/ times smaller than the 
principal unit, and so on. This being established, we deduce 
from it by reasoning precisely the same as that which served to 
establish the properties of decimal fractions which arise from 
yulgar fractions, that the vulgar fractUmt in a §y»tem whoee bcue 
19 b, being converted into 9uhdiv%$um$ b, b", <fcc., mndUer than 
unity y give rite to fractiont (analogous to decimals) of a limited 
or infinite number of figures, simple or mixed periodical, and 
that the composition of the denominator of the vulgar fraction 
Moith reference to the prime factors which enter into the base b, 
suffices to characterize these different sorts of fractions. 

We propose as an exercise for the pupil the inyestigation of 
the enunciations and demonstrations of these properties. 

Exercises. 

1. Prove that every entire even number is the sum of several 
powers of 2, and that every entire odd number is the sum of 
several powers of 2, augmented by unity. 

Ex<imples, 876, 2539, 6750. 

2. Every entire number, which is not prime, has at least one 
prime divisor other than unity. 

3. The remainder of the division by 9 of the product of any 
number of factors, is equal to the remainder which the product 
of the remainders of the division of each factor by 9 gives. 

Prove that this property belongs to every number, and not to 
9 alone. 

4. The product of any three entire consecutive numbers is 
always divisible by 6. 

5. Convert the numbers, 345 and 225, of the decimal system, 
into their equivalents in the binary system. Add these last in 
the binary system, and convert the sum back to th^ decimal 
system. 
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6. All thd prime aumbersy except 2 and 8^ augmented or 
diminislied by unity, are divisible by 6 ; that is, they are com- 
prised in the general fitmuula, 6n d= 1, (read plod or minus)) n 
being any entire number. 

7. If the sum of the figures of any number be subtracted from 
the mumber itself, the remainder will be divisible by 9. 

8. The expression n(n+l)(2n+V) is always divisible by 6. 



CHAPTER VI. 



AfPLICATIOir OF THS BTTLES OF ABITHHETIC.- 
THEOSY OF BATIOS AilD f SOPOSTIOK. 

1544 Introduction. -^ We have seen, in the course of the 
explanation of the different operations of arithmetic, that these 
operations give rise to two principal species of questions. Ist. 
Those which have for their object to demonstrate the existence 
of certain properties of certain numbers known and given. 2d. 
Those in which it is proposed to find certain numbers from the 
knowledge of other numbers having fixed relations with the first. 
The first are theorems^ properly speaking; but we have generally 
called them Principles and Propositions, The questions of the 
second species, which are not particular applications of the rules 
and principles, are called Problems, 

The Problems, which we have hitherto solved, have been easy 
of solution, because the data were simple, and the relations be- 
tween the known and unknown quantities very obvious. But 
i^is is not generally the case ] as very often, in order to arrive at 
a solution, we have a considerable difficulty to overcome, which 
consists in discovering and determining the series of operations 
to be executed upon the numbers known and given, in order to 
arrive at a knowledge of the numbers sought. 
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NevertHeless, there exists a certain class of questions, tlie re- 
solution of which can be subjected to fixed and certain rules; 
these are particularly those in which wo consider Proportional 
Magnitudes. 

The greater part of these questions are precisely those which 
the general necessities of society give rise to, in that which relates 
to its commercial, industrial, and financial interests; they are 
generally known as the Rule of Three, the Rules for the calcula- 
tion of Interest, Discount, the Rule of Fellowship, Exchange, &c. 

To arrive easily at the solution of these questions, we will 
commence by explaining the theory of ratios and proportions. 

§1. — Op Ratios and Proportions, and op their Prin- 
cipal Properties. 

155. We have already said (1), that in order to form an idea 
of any magnitude whatever, we must compare it with some other 
magnitude agreed upon, of the same species, which can be taken 
arbitrarily or in nature. The result of this comparison is what 
we have called number. Number, then, expresses the relation 
between any magnitude and its unit. Now, if we wish to com- 
pare any two magnitudes whatever, of the same species, or what 
is the same thing, to compare the numbers which express them, 
the result of this comparison is a relation between these two 
numbers. 

When we thus compare two magnitudes with each other, we 
may either wish to know how much the greater exceeds the less, 
or how many times the greater contains the less. From this 
results two sorts of relations between the numbers compared, 
one which is sometimes called an Arithmetical ratio, and another 
called a Geometrical ratio. But these names, which are but 
little significant, are well replaced by the word difference, in 
order to express the result of the comparison by subtraction, and 
Ratio to express the result of the comparison by division. 

Thus, let 24 and 6 be the two numbers which we wish to 
compare. We have 24 — 6 = 18 for the difference, and \* = 4 
for the Ratio. 
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The relations of magnitudes by diyision or Ratios will chiefly 
occupy the present chapter, as by far the most important of the 
two classes of relations ', but we will first give one or two leading 
properties of the Relations hy StiMraction or Differences. 

156. In every Difference or Ratio, the two terms are thus dis- , 
tinguished. The one first written is the antecedent ) the second 
term is the consequent. Thus, in the expressions 24 — 6, ^g*, 
24 is the antecedent in both cases, and 6 is the consequent. When 
the difference between two numbers is equal to the difference be- 
tween two other numbers, the four numbers taken together form 
an Equi-difference, 

l^oT example, let the four numbers, 12, 5, 24, 17 ; the differ- 
ence of 12 and 5 is 7 ; the difference of 24 and 17 is also 7. 
These, then, form an equi-difference which we write thus : 

12.6 : 24.17. 

Racing one point between 1st and 2d terms, two points between 
2d and 3d; and one between the 3d and 4th. We enunciate it 

12 is to 5 as 24 is to 17; 

that is, 12 exceeds 5 by as many units as 24 exceeds 17. We 
can also write it 

12 — 5 = 24 — 17; 

12 and 24 are the antecedents ; 5 and 17 the consequents. The 
first and last term are moreover called the extremes; the second 
and third the means. 

This established, we say that, in every equirdifferencey the turn 
o/the extremes equals the sum of the means. 

Let 11.7: 19.15; 
We have obviously 11 + 15 = 7 + 19. 

To prove this generally, we observe that if the consequents 
were equal to their antecedents, as for example, 

11.11 : 19.19, 
16 
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tbe proposition would be manifestly true. Now, in order to place 
the first equi-difference under this form, we have simply to add 4 
to each of its consequents ; that is, the sum of the means and 
sum of the extremes are augmented by the same number. Hence, 
if these sums are equal now, they must have been so before. 
• Then, &c. 

As a consequence of this property, knowing three terms of an 
equi-difference, we can find the fourth. Thus, let 

23.11 : 49.ar, (x being the unknown term), 

be the equi-difference, we have . 

23 + x«49 + ll; 

whence x is known. Sometimes two of the terms of the equi- 
difference are the same as 

27.39 : 39.61. 

Here the double of one of the means is equal to the sum of 
the two extremes, or the mean itself is equal to half the sum of 
the extremes. Thus, in the equi-difference, 

23.a; : x.49, 

49-f 23 
X = — 2 — = ^^f 

and this number is called the average or arithmetical mean of 
the two numbers. 

It is useless to proceed farther with the properties of equi- 
differences, as they are of very little use. We will merely add, 
that no transformation executed upon an equi-difference destroys 
this equi-difference, so long as the sum of the extremes remains 
equal to the sum of the means. 

We pass to the discussion of Ratios and Proportions, properly 
so called. 

157. The ratio of two magnitudes, we have seen, is the quo- 
tient of the division of the numbers which express these magni- 
tudes. This ratio can be an entire number or a fractional 
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number^ greater or less than unity. For example, the ratio of 24 
to 6 is V> or 4; that of 6 to 24 is j^, or | ; that of 75 to 18 is 
?iorY. 

It is in the sense of Ratio that we have hitherto understood 
the comparison of any magnitude whatever with its unit (No. 1). 
In the theory of compound numbers, the relation of the princi- 
pal unit to its subdivisions, or between two subdivisions, is the 
number of times which the one contains the other. 

158. The comparison of two concrete numbers supposes always 
that these magnitudes are of the same species, since we cannot 
compare magnitudes of different species (No. 2). 

The ratio is itself, by its very definition, essentially an abstract 
number, expressing how many times one of the numbers contains 
the other, or is contained in it. The antecedent and consequent, 
which form the ratio, are, we have seen, the numerator and de- 
nominator of a fractional expression which we obtain, in indi- 
cating the division of the two magnitudes which we are com- 
paring. 

159. When the ratio of two numbers is equal to the ratio of 
two other numbers, we say, that the four numbers or magnitudes 
which they represent, are in proportion, or proportional. A 
proportion is then the expression of the equality of two ratios. 

For example, the ratio of 48 to 12 being 4, and of 86 to 9 
being also 4, we have the equation 

f i = ^j or 48 : 12 = 86 : 9. 

It is sometimes more convenient to present the proportion 
under the form 48 : 12 : : 86 : 9, which is thus enunciated : 

48 is to 12 as 86 is to 9. 

The terms 48 and 86 are antecedents ; 12 and 9 are conse- 
quents. The first and fourth are extremes ; the second and third 
are means. 
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160. Fundamental Property, — All proportions possess a pro- 
perty wbich may serve as a basis for the resolution of the pro- 
blems whose enunciations contain proportional quantities. This 
property consists in this : 

Jn every proportion the product of the extremes is equal to that 
of the means. 

Let the proportion be 

(1) 24: 18:': 20: 16, 

of which the ratios || and f ^ each equals |. We say, that we 
must have 

24 X 16 = 18 X 20. 

For the property would be evident if we had the proportion 
24 : 24 : : 20 : 20, (2) 

(which we call an identical proportion). Now, to render the 
proportion (1) the same as (2), it suffices obviously to multiply 
each consequent by | ; but by this, we multiply the product of 
the extremes and the product of the means by the same number, 
and make the same change in both. Hence, if equal after the 
multiplication, they must have been equal at first. Hence the 
property is proved. 

161. Reciprocally. — If the product of two numbers is equal 
to the product of two other numbers^ these four numbers form, a 
proportion of which either pair of factors will constitute the 
means, the other pair constituting the extremes. 

For, if no proportion existed among these four numbers, it 
would be necessary, in order to render the second and fourth 
respectively equal to the first and third, to multiply each one by 
a different number, expressing in the one case the ratio of the 
first term to the second, in the other of the third to the fourth ; 
and as the two products would thus become equal by the multi- 
plication of each by a different number, it would result that they 
were not equal before the multiplication ; which would be con- 
trary to the enunciation of the proposition. 

Then, &c., &o. 
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162. Another demonstration of the fandamental property and 
its reciprocal. (We employ letters in order to render the reason- 
ing more concise and general). 

Let a, h, c, cf, be four numbers in proportion, so as to give 

- a c 
a : b : : c : a, or ^-= -y. 
o a 

If we multiply the two members of this equality hj h x d^ 
product of the two consequents, we obtain 
a X bxd c X hxd 

r"~^ d • 

Suppressing in each member the &ctor common to the numera- 
tor and denominator, we have 

a X ds=cX h. 
Then the product of the extremes is equal to that of the means. 
Reciprocally, let the four numbers, a, h, c, d, be such, that 
we have 

axd^b X c. 

Let us divide the two members of this equality hj b X d, 
product of one fector of the first member by one factor of the 



»x.^/vr.«^, .»x/ .«*T^ « 


aX d b X c 


or, simplifying, 


bx d^bxd' 

a c - 
-- = — , or a : 6 : : c 
6 a 



Thus, the /our numbers form a proportion of which the /actors 
of the first product constitute the extremes^ the factors of the second 
product the means, 

163. First Consequence* — In every proportion toe can cause, 
1st, the two means to exchange places; 2d, the two extremes to 
change places ; 3d, the means to exchange places with the extremes 
without destroying the proportion between the four numbers thus 
written, 

16* 
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For it is eyident tbat these changes do Dot alter the equality 
of the two products which the extremes and means of the primi- 
tive proportion give. And since, in the new expressions, the 
product of the jirzt number hj the last always remains equal to 
the product of the second hy the ihirdy there will always exist a 
proportion between the four numbers after the changes are 
effected. 

Let the proportion be, for example^ 

48: 36:: 72: 54. (1) 
We have, by changing the means for each other, 

48 : 72 : : 36 : 54. (2) 
By exchanging the extremes, 

54 : 86 : : 72 : 48. (3) 

By placing extremes in the places of the means, and the means 
in the places of the extremes, 

36 : 48 : : 54 : 72. (4) 

In the expressions (2), (3), (4), the product of the second 
number by the third, is 

36 X 72, or 48x54; 

and the product of the first by the fourth, 

48 X 54, or 36 X 72. 

Now, these products are equal by virtue of proportion (1) ; then 
the expressions (^, (3), and (4), are also proportions. 

The common ratio of (1) is ^, of (2), |, of (3), |, and | for 
the proportion (4). 

N. B. It is obvious that inverting the order of the terms in 
each ratio does not destroy the proportion, since it amounts to 
the same change as is exhibited in (4). 

164. Second Consequence, — We can in eatery 'provortion 
multiply or divide one extreme and one mean by the samt num* 
her J without destroying the proportion. 
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For the products of the extremes and means of the given 
proportion being equal, the new products which result from the 
multiplication or division of these products by the same number 
will also be equal ; and the proportion will still exist. There 
are many other properties of proportions ; but those which we 
have just developed are the only ones of which we shall have 
need for the resolution of the problems which depend on this 
theory. - 

§ n. — Kesolution OP Questions dependent on the 
Theory op Proportional Quantities. 

Rule of Three. 

165. A great number of problems in commerce, banking, &c.; 
contain in their enunciation numbers bearing relations to each 
other susceptible of being expressed by proportions. Of these 
numbers some are given and known, the others unknown, to be 
determined. We designate, under the title, the Rule of Three, 
the process by which toe find the fourth term of a proportion 
when three terms are given. 

Now, from the property of every proportion that the product 
of the extremes is equal to the product of the means, it results 
necessarily that, in order to obtain the value of the unknown 
term, we must, if it is an extreme, divide the product of the 
means hy the known extreme. 

And if it is a mean, we must divide the product of the ex- 
treme hy the known mean. 

Thus, let the two proportions be 

24:9::32:ic; 45:86 ::x: 24; 
(we denote the unknowns by the last letters of the alphabet). 
Since the first gives 24 x x=s9 x 32, there results 

X ^ 12; 
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we have also for the second, 

36 X X = 45 X 24. 

wi, 45X24 1080 ^^ 

Whence, x «= — ^ — = -^^ = 30. 

The proportions become then 

24:9: :32:12; 45:36: : 30 : 24. 

The common ratio is | for the first, and | for the second. 

We pass now to the resolution of some problems, of which 
those in (41) may be considered particular examples. 

166. Problem First — Requircdj the price of 384 lbs. of a 
certain commodity, 2b lbs, of which cost <f6-50? 

Analysis, — Since 25 lbs, cost $6*50, it is clear that 2, 3, 4 

times 25 lbs, must cost 2, 3, 4 ... . times as much ] thus, the 
two given numbers of pounds bear to each other the same rela- 
tion as their respective prices. Then, if we designate by x the 
unknown price of 384 lbs,, and if we consider for the moment 
the three given numbers and x as abstract numbers, we have 
the proportion 

(1) 25: 384:: 650: a;. 

Whence (165), . = ^3^ « ^ = 9984; 

and we conclude that the 384 lbs, of the commodity ought to 
cost $99-84. 

N. B. Before seeking the value of x by means of the propor- 
tion (1), we can simplify that proportion in observing that the 
antecedents, that is, one extreme and one mean, are divisible by 
25. We then suppress this factor (164), and obtain 

1 : 384 : : 26 : aj; whence, a = 384 X 26 = 9984. 

Another method of resolution. — If 2blbs, cost $6*50, one 

pound must cost 25 times less, or -^^ of $6-50 ; that is, ^ . 
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Then, 384 lbs. will cost 384 times as much as 1 lb., or , X 

884; which gives 999*84. 

Second Problem, — It takes 135 men 20 da^s to do a certain 
piece of work ; how many days toould 300 men require to per* 
form the same labour f 

Analysis. — If a certain number of men have employed 20 
days in accomplishing the work, it is clear that a number of men 
2, 3, 4 ... . times as great must occupy 2, 3, 4 ... . times 
shorter period to do the same work, other things being equal ; 
then, as many times as the first number of men, 135, is contained 
in the second number, 300, so many times the number of days 
necessary for the second number of men, or the number sought, 
ar, will be contained in the number of days necessary for the first 
number of men. 

Thus, we have the proportion 

135 :800 : :« : 20; 

whence, (165), x = g^^ = 9. 

Then, it takes 300 men 9 days to do the work. We could have 
suppressed in this proportion the factor, 15, common to the two 
first terms, and the factor, 20, common to the two consequents. 

We should then have 

1 : 9 : : 1 : cc; whence, a; a= 9. 

Another mode of resolution. — If 135 men took 20 days to do 
the work, it would have taken one man 135 times as much time, 
or 135 X 20 days, and 300 men would have required a number 
of days 300 times as small as 20 x 135 ; that is to say, 

20x135 2700 ^. 
-800- = -300-=^^^^^- 
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HattoSy Direct and Inverse. 

167. Before treaUng more complicated problems, we must 
make known certain terms which the consideration of propOT- 
tional quantities give rise to. 

In every question, the enunciation of which contains four 
numbers in proportion, two of these numbers are of a certain 
species, and the two others of another species ; but each term 
of the second species is closely connected by the conditions of 
the question with one of the terms of the first. 

It is thus in the first problem (166), two of the four numbers 
express the weights of a certain commodity; the other two^ the 
respective prices of these weights. 

In the same manner, in the second problem, we had two num- 
bers of men, and two numbers of days; and the latter expressed 
the respective periods employed by the two numbers of men to 
do the same work. It is agreed, for this reason, to call the two 
terms of different species, thus connected by the enunciation of 
the question, Correspondents. 

For example, in the first problem, the prices are the corre- 
spondents of the pounds ; and vice versd, the numbers of pounds 
are the correspondents of the prices. 

This established, we say, that there is a Direct Relation be- 
tween the numbers of the first species and the numbers of the 
second ; or that these numbers are directly proportional, when, 
the proportion having been established, we see that as each 
number increases or diminishes, its correspondent increases or 
diminishes / and that, on the contrary, the Relation is Inverse, 
or the four numbers are inversely (or reciprocally) proportional, 
when, as each number increases or diminishes, its correspondent 
diminishes or increases. 

The enunciation of the first problem offers the example of a 
direct relation; for the greater the number of pounds, the 
greater the price. 
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The second problem gives rise to an inverse relation ; for the 
more men there are to do the work, the shorter period required. 

If the relation is direct, and if we wish to write the propor- 
tion under the form 

a ih i \ c \ dy 

one of the numbers, and its correspondenty must form the two 
antecedents, and the other two the cxmsequents. On the contrary, 
if the relation is inverse, one of the numbers and its correspondent 
must form the extremes, while the other two form the two means. 
When we write the proportion under its equivalent form of two 
equal fractions, 

a c 

T-d' 

it is necessary, in the case of the direct relation, that one of the 
numbers and its correspondent form the two terms of the first 
fraction, or the numerators of the two fractions, while the other 
numbers form the two terms of the second fraction, or the deno- 
minators of the two fractions ; and, in the case of the inverse 
relation, each number and its correspondent must form the 
numerator of the first fraction and the denominator of the 
second, or the denominator of the first fraction and the numera- 
tor of the second, 

N. B. All these distinctions in the manner o^ writing the 
proportions furnished by the enunciations of the problems are 
of importance, and should be carefully retained in the memory. 

168. We say, also, when the relation is direct, that one quan- 
tity of each species is in direct proportion with its correspondent; 
and if the relation is inverse, that each quantity is in inverse 
proportion with its correspondent. Thus, for example. 

Two fractions of the same denominator are in direct propor- 
tion with their numerators. 

For we have seen that if the numerator is rendered double, 
triple, quadruple, .... or one half, one quarter, one third of 
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what it is, the fraction will be rendered two, three, four .... 
times greater or less than it was. 

By an analogous process, we could prove, that two fractions, 
having the same numerators, are in the inverse proportion of 
their denominators. 

When the fractions have different numerators and denomina- 
tors, we commence by reducing them to the same denominator 
or to the same numerator, and the quesUon is thus reduced to 
one of the two preceding cases. 

We are then led to a new mode of expression, which consists 
in saying that the given fractions are in Compound Proportion, 
direct or inverse, of the two products of the numerator of the 
Jirst by the denominator of the second, and of the numerator 
of the second by the denominator of the first. 

In order to justify this mode of expression, let us consider, 
for example, the two fractions, ^ and ^^y. 

Beducing them to the same denominator, we obtun 

3 Xll ,4x7 
and 



7x11 7x11' 

and these two fractions are in the direct ratio of 3 x 11 to 4 X 7, 
or of 33 to 28. If, on the contrary, we reduce them to the same 
numerator, they bcQome 

3x4 ,3x4 
7^ ^^^ 3inT' 

and in this case the two fractious are in the inTcrse ratb of the 
denominators, or the first is to the second as3xllisto7x4, 
or as 33 is to 28, the same as before. 

But we see that the two terms of this ratio are the one, the 
product of the numerator of the first fraction by the denomina- 
tor of the second / the other, the product of the numerator of 
the second by the denominator of the Jirst. 

This compound ratio is in some sort the result of the multipli- 
cation of two simple ratios, which are either direct or inverse 
with regard to each other. 
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169. Applications. — As application of what has just been 
said, we will indicate the method of bringing into a proportion 
certain surfaces and volumes or solids, because there is a number 
of questions in which we have need of these numerical valua- 
tions. 

Let it be required to compare the superficial extent of two 
pieces of stuff, one of which -is 24 yards long by | yard wide ; 
the other, 17 yards long by | toide. 

By a process of reasoning analogous to that used in (166), we 
see that 24 ydrds long by | yards wide, is the same thing as 
24 X I yards long by 1 yard wide. 

In the same manner^ 17 yards long by | of a yard wide, is 
equal to 17 X | long by 1 yard wide. 

Then, since the breadth of the two pieces is the same, the 
ratio of the two superficial extents is equal to that of the two 
lengths, and we find this ratio to be 

oA^2 17 6 24x2 17x5 24x2x4 3x17x5 
24xi:17x|,or-^:-j-,or_^^:-^^^; 

or^ simplifying, as 64 : 85. 

Again, let there be two rolls of paper-hangings, one of which 
is 15 yards long, by ^ of a yard wide ; the other 19 yards long, 
by J of a yard wide ; we would find in the same manner for the 
ratio of the superficial extents of the two rolls, 

n^ 4 io ^ 1^x4 19x7 15x4x8 19x7x5 
15xi:19x2,or-^:-^,or-^3^^:-^^^^;or, 

simplifying, 96 : 133. 

We conclude from this, that, whenever the enunciation of a 
question gives rise to a comparison of superficial extents, in order 
to reduce them to the unit of length, we must form the product of 
the length hy the hreadth, and then compare the resulting quan- 
tities. 

As to volumes or solids, it will suffice to take one example, in 
order to determine the bteps to be followed. 
17 
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Beqiiircd to determino the ratio in cubic yard$ oj the solid 
contents of two pieces of i^fhasonry f 

We suppose that the first piece is 60 yurds long, by } of a 
yard thiok; and 3 y^ds high j; aQ4 the second, 1^5 yards long, 
by J of a yard thick, and 4^ yards high. 

Eeasoning, as in the preceding case, we find that fo? the first 
wall it is as if it was 60 x | X 3 yards Jong, by 1 ywd thick, and 
1 yard high; and for the second, 125 X J >< | yards long, by 1 
yard thick, and X yard high. In other words, the two walls must 
contain, respectiyely, 60 X | X 3 cubic yards, and 125 X | X | 
cubic yards. Then, the ratio of the two vdipnea is equal to that 
of these two products, or of 

60x3x3x4^ 125x7x9 . -« ^ .^. 
jg — ^ to jg- — , or of 48 to 175. 

Whence we see, that in order to obtain the two pieces of woric 
expressed in cubic yards, it suffices to fora^ for each one of them 
the product of the length by the thickness and by the height. 
After which we .easily find the ratio of the two. 

Compound Rule of Three, — General Method of Reduction to 

Unity, 

170. The enunciation of a question often contains more than 
four numbers, between which it becomes necessary to establisb 
either direct or inverse proportions ; and thus arise the distinc- 
tions, Single Rule of Three, and Compound or Double Rule ef 
Three. These names arise from the mode of resolution, which 
is an application of the theory of proportions. But this mode 
has been generally replaced by the methpd called the method of 
Reduction to Unity, which we will now develop, remarking th?lt 
the second mode of resolution of the problem^ iu (166) is a VSiiK- 
ticular case of this general method. 

171. Third Problem It requires 1800 yards of doth, | of 

a yard wide, to chihe 500 men. Required the number of yards 
of cloth, I of a yard wide, v?hich shatl clothe 960 men f 
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Table of Galculatioh. 



1800 yards long, 


1 wide 


, 500 men. 


X " 




i " 


960 " 


1800 X J " 




1 " 


500 « 


XX ^ " 




1 « 


960 « 


1800x5 i, 
4x500 




1 « 


1 " 


<ex7 „ 
960x8 




1 <' 


1 «' 


Then, : 


xx7 


1800 X 5 



Analysts, — After arranging upon two horizontal lines, the six 

numbers which the enunciation contains, and ot whtdh the titini- 

ber of yards required forms part, we reason in the following 

manner : 1800 yards long, by | wide, and x yards long, by | 

xt. 1800 X 5 -rrxT -^ , 
mae, ti^e the fiam^ thing as ■. , arid ^-~- yatdi^ lotig, by 

1 yard wide. 

We write, then, these numbers upon two new lines, preserving 
the numbers 060 and 500 in their respective places in the two 

new lines. Since, with j yards long, by 1 yard tvide, 

we can clothe 500 inen, one man could be clothed with —. — ftttt- 
' 4x500 

X X 7 
In the same manner, if — ^— yards (Jkri clothe 960 ihen, one 
o 

X X 7 
man could be clothed with ^ ^ , which gives again two new 

lines, which we place below the preceding. Now, the two last 
expressions which we have just obtained, representing both the 
quantity of cloth necessary to clothe one man, are necessarily 
equal. We have then 

XX 7 _ 1800 X 5 
8 x960~ 4x500 ' 
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or, reducing to the same denominator, and then suppressing this 
denominator, 

a; X 7 X 4 X 500 = 1800 x 5 X 3 X 960. 

Dividing the two members of the equation bj the multiplier 
of X, we have 

1800x5x8x960 36x960 34560 .^_, 

x^s = — A — TKK — ■= ^ — == — ^ — = 4yo745 

7x4x500 7 7^' 

that is, it would require 4937^ yards to clothe 960 men. 

Yerification, 
4^5QQ reduces, obviously, to y, or 4^; 



on the other hand, 

34560 



X 



7 8 X 960' 

reduces also to 4^. The number 4^, or 4 yards and a half, ex* 
presses in the two cases the quantity of cloth necessary to clothe 
one man. 

172. Problem Fourth, — 500 men, working 12 hours a da^, 
employed bl days in excavating a canal 1800 yards long, hy 7 
yards wide, hy 3 yards deep ; required in how many days 860 
men, working 10 hours a day, can dig another canal 2900 yards 
long, hy 12 wide, and 5 deep, in an earth 3 times as difficult to 
excavate as the first. (This is one of the most complicated ques- 
tions which can be given in this Compound Proportion, or Rule 

of Three.) 

Tahle of Calculations, 

500 men. 12 hours. 57 days. (1 800 X 7 X 3 X 1) cubic yards. 

860 " 10 " X " (2900x12x5x3) " 

-I -It. ^A 51800x7x3x1) 

Iman 1 hour 1 day j 500xl2x57 | 

I u 1 « ^ u S 2900X12X5X3 ) ^, 

^ "^ * 860x10 i 
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2900>^12x5k3 ^. .^ ^^ 1800x7x3x1 ... 
^^^°' ^= 860x10 > ^'""'^'^ ^^ 500xl2x5t ' ^^^ 

2900x12x5x3x500x12x57 
^^' ^"" 860x10x1800x7x3x1 " 

Analysis. — It is necessary, first^ according to what has been 
laid down in (169), to convert into cubic yards the two pieces 
of workj the one already executed, and the other to be per- 
formed. This we do by multiplying together the length, breadth, 
and depth in each ease. Besides, since, according to the enun- 
ciation, the earth of the second is three times more difficult to 
excavate than the j^rst, if we express by 1 and 3 the relative 
difficulties, we must introduce into the two products, of which 
we have just spoken, the factors 1 and 3. 

This established, after having placed, as in the preceding pro- 
blem, all the numbers d^toprised in the enunciation upon two 
different lines, we are led, by a course of reasoning entirely 
simito to that which we pursued in the solution of the third 
pTobletn, to foito two tiew lines repfesetititig, — -the one, the work 
6oti^ by 1 ttian iii one hottr and in one &Ay \ ffie other, the work 
done by 1 man in one hour and in x days/ 

Now, it is clear, that these two quantities of work must bear 
to each other the direct proportion of the two periods employed 
to perform them. We have then the equality (1) given in the 
table of the calculatioAd, whence W6 deduce the final equation 
there given ^ and^ effecting all the operations indicated, tliis equa- 

tioti giv^s, finally, 

aj = 549/^j 

that is to say, it would require 549 days, and ^j}jj or about } of 
a day, for 860 men to excavate the second canal. 

173. The problems which precede, suffice to exhibit the steps 
to be followed when the method of Reduction to Unity is em- 
ployed. 

But it may be useful, perhaps, to consider the results furnished 
by the last two problems, in order to deduce from them some new 
consequences concerning the use of direct and inverse ratios. 
17* 
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The analysis of the problem in (171) led to an expression for 
the number of cubic yards sought, 

1800x5x8x960 



7x4x500 



Now, if we go back to the enunciation of the question, in 
order to distinguish the correspondents of each species, and if 
we separate by means of the sign of multiplication (X) the dif- 
ferent ratios of each term and its correspondenty we shall be able 
to place the preceding expression under the form 

X 960 

1800 ^\ * ^ 500' 

or again^ under thiS; 

^ I 960 

1800 ■" J ^ 500* 

Examining the product in the second member, we see that the 
second factor, which is the ratio of the two numbers of men to 
be clothed, is direct with that of the numbers of yards of cloth; 

j^rrjT ; while the first factor, or the ratio of the two breadths, is 

inverse with the same ratio, rr^fr?. ) thus, this last ratio, called 

loUU 

compound (168), is equal to the product of the ratios of the two 

numbers of men, and of the two breadths, direct for the mew, 

and inverse for the breadths. And, in fact, the more men there 

are to clothe, the more cloth necessary ; but, the wider the cloth, 

the smaller number of yards necessary to make a given quantity. 

The expression obtained in the problem of (172), 

2900x12x5x3x500x12x57 



860x10x1800x7x3x1 ' 



can be put under the form 



X _2900 ,2 500 12 

57 ■" r8"00 ^ ^ ^ * ^ » ^ 860 ^ 10^ 
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aud we see also^ in tliis case, that the ratio of the two numbers 
of days necessary for the performance of the two pieces of work 
is equal to the product of the ratios of the correspondents of 
each species; direct in the case of the dimensions of the canals 
and the difficulties of the excavation ; but inverse for the num- 
bers of workmen employed, and the numbers of hours per diem 
which they laboured. 

Whence we can give this sort of General Kule fDr the resolu- 
tion of every question whose enunciation contains proportional 
quantities : 

Form a product of all the ratios, direct or mversCy of the 
correspondents of each species^ excepting the ratio of which the 
quantity sought forms one part ; then equal this product to the 
ratio of the quantity sought to the quantity of the same species 
with itself 

We obtain thus the expression of the equality of two ratios, 
from which we easily deduce the value of the unknown. 

Rule of Simple Interest. 

174. The Simple Interest on a sum of money is the profit 
arising from the loan of this sum for a certain time. 

The sum lent, or placed out at interest, is called the Principal 
or Capital, 

The interest upon a sum of money depends upon the amount 
of the Principal, upon the time for which it is lent, and upon 
what is called the rate of interest, or the interest which a certain 
fixed sum bears for a given fixed period. 

Ordinarily, the rate is, in the United States, the interest which 
the sum of one hundred dollars bears in one year, and hence is 
called the rate j?^r cent. 

This rate, which we consider a sort of unit of interest, is 
purely conventional, and depends generally on the abundance or 
scarcity of capital. Nevertheless, there are, in commerce and 
banking, certain limits (in most countries fixed by law), beyond 
which the rate becomes usury. 
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It la eifident tbiit ih6 ifliciTest on two t^rioeipahi foif the satne 
period must be |m)|K)rtional to the principals, (the fate being 
constant), and the interest on the same principiJ fat two different 
periods, are proportional to the lengths of the periods. 

Whence it follows, that the tule of interest Is only a particular 
case of the Euk of Three, 

Thus, the questions which arise under it can be treated in the 
same manner as the preceding. 

175. Example, — Required, the Interest on ((4500 fdr 2 yedts 
and 5 nt&n^f at the rate of 97 fat every 9100; ot, hy ahhrema- 
txon^ at ih6 rate of 7 per cent, per annumi 

This enunciation can be thus rendered : $100 bring $7 in one 
year, or 12 months ; how much ought $4500 to bring in 2 yean 
and 5 months, or 29 months ? 

The numbers oan be thus arranged ; 

100 12 months 7 
4500 29 ** m 



1 I month 



The quantities, 



7 
TOO^ 

X 

4500x2§* 



and 



100x12 4500 X2y 



express each what one dollar brings in one month, a^d must 
therefore be equal, and we have, 

^ 7 

4500x29^100x12^ 
whence^ 

_ 4500 X 29 X 7 15 X 29 X 7 
^^ 100x12 ^4 • 

Ileducing to decimals, 

X =. J761-25, 
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the interest on $4500 for 2 years and 5 months, at 7 per cent, 
per annum. 

176. Generally, let us denote the principal by a, the time by t, 
the rate per cent, per annum by i and by g, the interest on the 
capital, by a. We shall have, 

$100 lyear 1 dollar. 
a t g 

1 1 -^rr^ interest on %1 for 1 year. 



1 



100 

9 
axt 



'*«-' ^. = 150' 

and, consequently, 

aXi ^-^ 

^ = 100-^'- (^> 

The time t can be a fractional number of the unit, year baring 
for denominator the number of months or of days in the year. 
If we place (1) under the form 



aXi 
^ = 100"^'' 



it can be translated into the following rule : 

In order to determine the interest g, multiply the given priu" 
ctpal hy the rate of interest for one year, and divide the product 
hy 100; then multiply the result hy the number of years, frac- 
tional or entire. 

Example. — Eequired, the interest on 92524-65, at ^\ per 
cent, per annum for 2 years and 7 months. 
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We httte, first, 

2624-65 x4-5=11360-926. 
Dividing by 100, 113-60925 



For two years, 



2 yrs. 7 mos. 
227-21850 



" 6 months, 56-804625 
« 1 month, 9.467437 

293-490562; or, »293-49. 

It is obvious that this division by lOO can be performed on 
the rate before the first multiplication, thus converting that into 
a decimal fraction, by which the principal is to be multiplied. 

Example. — Required^ the interest on $365-874, at 5X per 
cent for one year f 

This rate, 5^ per cent., divided by 100, gives 065. We 
then multiply 365-874 by 0-055. 

365-874 
•055 



1829370 
1829370 



»2012307 «2012. Ans. 

177. This second method, which we have applied in the last 
two examples, is always to be preferred, especially when we wish 
to determine the interest for a certain number of days« 

Kequired, for example, to find the interest on 61748-19, for 
1L3 days, at 4| per cent, per annum. (We suppose the year to 
contain 360 days, 30 days for each month). 

We multiply 1748-19 by 4|, divide by 100; we then divide 
113 into 60+30+20+3 days, and find the interest for each one 
of these parts separately. Summing these psirts, we have the 
interest required. 
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Table 


of Calculations, 




174819 




H 




6992-76 




J 874-095 




i 437-0475 




8303-9025 


5 by 100, 


83-039025 for one year's interest. 


For 60 aaya, 


13-839837 


" 30 " 


6-919918 half of the above. 


« 20 " 


4-613379 I " « 


« 3 t( 


0-691992 J, of the int. for 30. 



26065026 
Thus, the interest on $1748-19 for 113 days, is $26-06.* 

178. The equation (1) of (176), contains the solutions of four 
different problems. 

1st. Knowing the Principal^ iime and rate, to find the In^ 
terest. 

This we have discussed in several examples. 

2d. Knowing the Interest, time, and rate, to find ^he Pri^qipt^l* 

3d. Knowing the Interest, Principal, and time, to find the rate. 

4th. Knowing the Principal, Interest, and rate, to find the 
time. 

All these admit readily of solution ; hut we will limit ourselv^ 
here to an example of the fourth problem, treating it by both of 
the methods explained in a preceding article. 

^ The rate 9i 6 per cent, pep aBDum admits of the followiBg abbrevia- 
tioi;i of the aVoTe n;^e» -vhen applie4 te^ Sk givesi number of moaths ; 6 
per cent, per aenum ist ^ per cent, per mo^th^ er X per ceQt. for two 
months. Then we can say, in order to fi^d the interest on n certam 
principal for a given number of months, at the rate of 6 per cent, peir 
a»D«m, we muhip^f the prim^at by } the number of months^ and divide by 

im 
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A sum of »2524-65 brought $293-49, at the rate of ^ per 
cent, per an num. Required the length of time the sum was 
placed at interest ? 

Fint Mode of Proceeding. 
100 1 year 4^ 
2524-66 t 293-49 



1 1 i^ 

^ 100 

293-49 

^ ' 2624-65 

I 293-49 100 29349 _ 29349000 

1 ■'2624-66 ^ 4-6 ^252-465x46 ""11360925' 

Effecting the division, we obtain 2 years and 7 months, ne- 
glecting a fractbn less than 0-001 of a month. 

Second Method, 
2524-65 



10098-60 
1262-325 



or, dividing by 100, 11360-925 

113-60925 interest for one year. 

And as $293-49 is the interest for t years, we must divide 
29349000 by 11360925, in order to obtain the time required, U 

Rule of Discount, 

179. Discount is the deduction which is made from an amount 
payable at the end of a certain time, when we wish to make it 
payable at the present time, or before it falls due by agreement. 
It is usually, in bankers' terms, the deduction which we make 
from the face (amount of a promissory not«, in order to get its 
cash value. This reduction is usually made at so much in the 
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hnndred per annum ; and this is the rate per cent, of discount. 
The discounter is he who cashes the note by anticipation. 

It is easy to see that the rule of discount is the same with the 
rule of interest, with this difference, that, in the latter case, the 
borrower is obliged to restore to the lender the sum lent, in- 
creased by its interest ; while, in the case of discount, the pos- 
sessor or maker of the note receives only the difference between 
the amount of the note and the discount which is made by reason 
of the anticipation of its payment. 

Example First. — Required, the discount on a note o/?875-49, 
payable in 18 months^ at the rate o/A*Sper cent, per annum. 

First Method. 

$100 12 months 4-80 
875-49 18 " X 



^ 1 " jtnu\ discount on $1 for 1 year. 



1 1 

Then, 



X 



87549x18 



X _ 4-80 ^ 

875-49x18 ""1200' 

4-80 X 875-49 x 18 40 x 87549 X 18 
whence, x = j^OO = 1000000 ' 

or, performing the calculations, 

X = 63-035280 = 63-04. 

Amount of the note, $875-49. 
Discount, .... 63-04. 

Difference, . . . $812-45, the amount which 
the discounter pays. 

18 
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Second Method, 
Amount of note, •STS^S 

Rate of disoount per an. 4-8 

700392 
850196 



4202-362 



dmding by 100, 4202352 
1 year, 6 montlis. 

Xyear, 4202352 

6 months, 2101176 

6303528 as aboye. 
This example suffices to show the identity of the calculations 
under the Rules of Interest and Discount. 

Example Second. — Requiredj the diioomnt on a note of 
J3478-19, payable in 286 days, the rate being 6*25 per cent, for 
360 days. 

We oommenct by decomposing the number 286 into its parts, 

180 + 90 + 10 + 5 + 1. 
We then make the following table c^ calculations : 

347819 
6-25 



1739095 
695638 
2086914 



217*386875 discount for 360 days. 



108-693437 


(( 


180 « 


64-346719 


It 


90 « 


6038524 


ti 


10 « 


3019262 


It 


5 " 


0-608852 


tt 
lunt fi 


1 « 


172-701794 disco 


it 286 days. 


«347819 






172-70 







$3306-49 cash value. 
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180. The genertlization of the rule of diflcount would lead to 
the equation 

(2) E« ^^ , 

in which e E would designate the discounts on $100; and on the 
amount of the note respectively. These letters would simply 
replace ff and i of (176). 

We could, according to the equation (2), establish the enun- 
ciations of four general problems analogous to those of (178). 

181. There is another rule of discount which we cannot pass 
by ; for although it is not generally employed, it appears more 
rational and more just. 

One example will suffice to give an idea of this second mode 
of discounting. * 

A note q/JlSOO, payable at the end of 15 months, is presented 
to a banker f who agrees to cath it at a discount of 4*6 per cent, 
per annum. Required, what the holder of the note must re» 
ceive f 

Analysis, — -Admit, that 4*60, the rate of discount, is at the 
same time the rate of interest of a sum put out at interest. 

It is clear that the possessor of the note ought to receive now 
a sum which, placed at interest at the rate of 4*6 per cent, per 
annum for 15 months, would give him, capital and interest added, 
the amount of his note. 

Now, the interest of $100 for one year, being 4-60, becomes, 
for 15 months, 4-60 + i of $4-60, or $5-75. 

This proves that $100, placed out at interest, would, at the 
end of 15 months, become $105*75, capital and interest. 

Consequently, $105*75, payable in 15 months, are equivalent 
to $100 payable now; then $1, payable in 15 months, is equal to 

:, ^ , payable now ; and, consequently, $1500, payable in 15 

months, can be represented by 

100 X 1500 15000000 .- . - ^ . „ ^^ 
-10575-' '' -mW^ '' «1418.43.97, 

payable now. 
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WLence it follows, that the holder of the note ought to receive 
from the banker a sum of $1418*44. 

In fact, if we calculate bj the Rule of Interest, what $1418*44 
ought to bring at the end of 15 months, at the rate of 4*60 per 
cent, per annum, we obtain 

g = 81*5603, 
which, added to 1418*4397, 

gives $1500 0000, the amount of the note. 

Now, instead of following this method, the banker determines 
the interest on $1500 for 15 months, at 4*6 per cent., which gives 

$86*25; 
and this he subtracts from $1500 00, 

$1413*75, the di£ference which he 
gives the possessor of the note. 

N. B. It is to be remarked, that the excess of $86*25 over 
$81*56, or $4*69, which the banker gains by the last operation, 
is nothing more than the interest on $81*56 for 15 months. For, 
multiplying $81*56 by 5*75, (rate for 15 months,) and dividing 
by 100, we obtain $4-6897, or $4*69. 

This advantage which the banker gains, independently of the 
profit which belongs to him of right, is a sheer loss on the part 
of the holder of the note. 

There is a way of operating, according to the first rule, with- 
out injury to the interests of the possessors of notes. This would 
be to establish a rate of discount a little lower than the legal rate 
of interest ; but the difficulty would be to proportion the one to 
the other fairly under all circumstances. 

We give the two rules or enunciations of the two methods 
which we have given above. 

1st. (179). Calculate the interest on the amount named in the 
note, from the present time to the date at which itfalh due; then 
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subtract tkts interest from the amount named in the note. This 
will he the cash value of the note. 

2d. (181). Find what JflOO, placed out at interest far the 
given time will bring, capital and interest added ; then multiply 
the amount named in the note by the ratio of $100 to this sum ; 
the quotient will be the present value of the note. 

The first rule is generally received in commerce, because it is 
more expeditious and convenient with regard to the calculations. 
It is, moreover, a matter of agreement between the banker and 
holder of the note. 

The Questions of Compound Interest and Discount, and the 
subject of Annuities, require a knowledge of the use of Loga- 
rithms, in order to be thoroughly discussed. Heoise, we pass 
them by here, merely adding, that, in Compound Interest, the 
interest is added to the principal at the end of the year, or period 
chosen as unit ; and then this sum is regarded as a new principal, 
on which the interest is calculated for the given period, and again 
added, &o., &c. 

There are a great number of questions, such as Insurances, 
Rents, &c., &c., which come under the rule of per centage, but 
they present no difficulty to the student who understands tho- 
roughly the preceding discussions of proportional quantities. 
They are generally given in full in the Commercial Arithmetics. 

Rule of Fellowship, 

182. The Rule of Fellowship has for its object, 
To divide among several persons associated in a partnership 
business the profit or loss which results from their enterprise. 
It is generally admitted, (and it is moreover conformable to 
• equity,) that the part of gain or loss of each partner is — 1st, 
proportional to the amount of capital he has placed in the busi- 
ness, when the times are equal ; 2d, proportional to the time 
when the amounts invested are the same. 
18 ♦ 
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From this it results that^ for different capitals and different 
times, the parts are proportional to the products of the capital 
stocks by the times; since, by multiplying the stocks by the 
times respectively, we bring them back to amounts invested for 
the same time. Thus, the question, considered under the most 
general point of view, is, to divide a given number into parts 
directly proportional to other numbers also given. 

Problem First, — Three persons are associated in trade. The 
first puts $15,000 in the common stock ; the second, $22,540 ; 
and the third, $25,600. At the end of one year, the profits of 
the enterprise are $12,000. Required, the share of each one of 
the partners ? 

Analysis. — The sum of the three amounts invested in trade 

being $63,140, we reason in the following manner : 

$63,140 have given a profit of $12,000 ] then $1 has produced 

12000 , „ ^, _, . 

^nTAci ^^"*™ profit. Then, for 

-.CAAA I. 12000 --^^^ 18000000 oOCAOA»r 

15000 .... we have ^^=-5^ x 15000 =s - ^^,. — = 2850-807. 
63140 6314 

..MO.... .. S.^M«.?I^-4m.«3. 

256.0.... .- Sx^-^S^-''''''- 



11999-998. 

Thus, the first person must receive $2850*81; the second, 
$4383-81; and the third, $4865-38. 

And these three sums, added, reproduce the total gain, 
$12,000. 

Problem Second. — A capitalist commences an enterprise with 
a stock 0/ $25,000. Five months later, a second capitalist joins 
the enterprise, and furnishes an additional capital of $40,000. 
Six months after this first addition, a third capitalist adds 
$60,000. At the end of two years the partnership is dissolved. 



THEORY OP RATIOS AND PROPORTION. 211 

after having realised a profit of $76,000. Required^ the share 
of each partner f 

The $76,000 are to be divided amoDg the partners proportion- 
ally to the products of their respective investments, by the num- 
bers of months during which these funds were in the enterprise. 

Now, 1st, $26,000, invested for 24 months, equal 25000 X 24, 
or $600,000 vested for 1 month; 2d, $40,000 invested for 19 
months, are equivalent to $760,000 for 1 month; 3d, $60,000 
for 13 months, are equivalent to $780,000 invested for 1 month. 
The question is then the same as the first. Having formed the 
sum of the three amounts invested as $2140000, we obtain suc- 
cessively for the three parts or shares of the profit. 

First share, s^Sa X ^^0000 = 21308-411. 
2140000 

Second share, ^tSa ^ 760000 = 26990-654. 
2140000 

Tliird share, J?Si X 780000 = 27700-934. 
2140000 

75999-999. 

The shares are, respectively, 

$21308-42; $26990-65; $27700-93. 

183. In general, let it be required to divide any number, a, 
into parts proportional to the given numbers, m, n, p, q , , . . 

Form, first, the sum of the numbers, m, n, p, q , , . , then, 
multiply each one of these numbers by the ratio 



m +n-]rp + q + 

We obtain, thus, 

a X m axn a Xp 
m 4- n -f p -f . . . .' m-Hn+p + ....' m + n -{- p + * 

fractions, which have the same denominator, and are necessarily 
in the direct proportion of their numerators, or because of the 
common factor, a, in the direct proportion of m, w, p, g . . . . 
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Wben the nombers, m, n, p, q , . , . 9xe fractiona], we com- 
meDce by reducing tbem to tbe same denominator^ and tben the 
qacstion becomes the same as the preceding. 

Divide 360 into four parts, proportional to the numbers 

These fractions, reduced to the least common denominator^ be- 

Then, the four parts must be respectively proportional to the 
numbers 64, 84, 88, 61. 

The sum of these numbers being 287, we have, successiyely, 

For the first part, |f <} x 64 = 80-28. 

" second, -| Jj^ X 84 = 105-37. 

" third, ii? X 88 « 110-38. 

" fourth, Ifi} X 6t= 63-97. 

36000. 

184. The following questions belong also to the same rule : 

Problem Third, — Bequtred, to divide a mm of $36,000 
among /(mr persons, so that the second shall have twice as much 
as the first; the third as much as the first two together; the 
fourth three times cm much a« the third. 

We can make the first share a principal unit, with which we 
compare the rest. Calling, then, the first part 1, the second 
part will be 2, the tbird 3, and the fourth 9, by the conditions 
of tbe question. 

The question is then to divide 936,000 into four parts, propor- 
tional to the numbers 1, 2, 3, 9. We obtain for the four parts, 

^. ^ ^ 36000 - 36000 ^,^^ 

^"^^P^^^ 1+2 + 34-9 ^^"''n[5"=^^^^ 

Second part, ^ X 2 « = 4800 

36000 
Third part, -jg- x3 " «7200 

36000 
Fourth part, -jv- X 9 " = 21600 
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Problem Fourth. — A person leaves $40,000, to be divided 
among four heirs, so that the first shall have \ of the whole ; the 
second | ; the third | ; the fourth \, Required y the share of each 
heir. 

If the sum of the four fractioDS was exactly equal to 1, the 
conditions of the bequest would be fulfilled by taking successively 
\, |, I, and \y of $40,000. But, if we reduce these fractions 
to the same denominator, we find 

¥U? lo? "SU^ TJO? 

the sum of which is greater than 1. Hence, the bequest would 
be more than absorbed by the three first parts. But if the 
$40,000 is to be divided proportionally to the four numbers, 
h h h h ^® would simply have to divide it into parts propor- 
tional to the numbers 15, 36, 40, and 30, the same as the pro- 
blem in (183). . 

185. We add here a rule which has for its object to determine 
the relative value of the coins of two countries, knowing the 
proportions between these coins and those of other countries. 
It consists in reducing to a single proportion, by multiplication, 
several given proportions. It is really nothing more than an 
application of the rule of compound fractions, or fractions of 
fractions. 

A single example will suffice to give an idea of the rule and 
the mode of applying it. 

Example. 

48 francs ... are equal to 39 English shillings. 
13 English shillings ^^ 8 German florins. 

50 German florins " 9 ducats of Hamburg. 

15 ducats of Hamburg " 43 roubles, Russian. 

How many Russian roubles are equal in value to 2500 francs ? 

If 48 francs are worth 39 shillings, then 1 franc is worth || 
of a shilling. In the same manner, if 13 shillings are worth 8 
florins, 1 shilling is worth -^ of a florin ; and, consequently, 1 
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franc is worth || of ^^ of a florin. Again, if 50 fLodnn are 
worth 9 duoatS; then 1 florin eqoals -^^ of a ducat. Contiiuiiiig 
this reasoning, we find that 

2500 francs = 2500 times || of ^% of /^ of f f of a rouble, 

rm. ocAA ^ 39x8x9x43x 2500 . , 

Then, 2500 tnnca^ 48x13x50x15 ~''"''- 

HiUe of Alligation. 

186. The questions which come under this rule are of two 
sorts: 

We may either wish to find the mean value of several sorts of 
ihingsy knowing the number and particular value of each sort^ 
or it may he required to determine the quantities of several sorts 
of things which must enter into a mixture, knowing the price or 
value of each sort, and the price or total value of the mixture. 

We will discuss only the questions of the first nature ', the se- 
cond belonging to the province of algebra. 

Example First — A wine merchant has mixed wines of 
different qualities, viz,, 250 pints, at 60 cents the pint; 180 
pints, at 75 cents; and 200, at 80 cents. Required, the price 
of one pint of the mixture f 
We observe, first, that 

250 pints, at 60 cents, bring $150 
180 « at 75 « " »135 
200 " at 80 " " «160 

1445 

Giving (445 for the total price of the three quantities of 250 

wine mixed. 180 

If, now, we form the sum 630 of the three numbers, 200 

250, 180, and 200, the question will obviously be reduced ^^ 
to the following : 

630 pints of wine cost $445 ; what is the cost of each pint ? 

71 cents is the price required. 
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GlloaiAL Rule. — In order to find the price of the principal 
trnit of a mtxf»rc — Ist Multiply the price of this principal 
unit of each sort of thing by the number of units of this sort, and 
add aU the products. 2d. Sum up the numbers of units of these 
different sorts. 3d. Divide the sum of the products or the total 
price by the sum of the numbers of units. 

Or, more briefly — Find the total price of the mixture by 
summing up the prices of its parts. Then divide this total price 
' by the number of principal units in the mixture. We thus obtain 
the price of one principal unit. 

Example Second. — We wish to melt together 23 kilogrammes 
of silver, 826 thousandths fine ; 14 kilogrammes 910 thousandths 
fine ; and 19 kilogrammes 845 thousandths fine. Bequired, how 
many thousandths fine the mixture will be ? That is, how many 
parts of pure silver each 1000 parts of the new coin will contain ? 
(We say an ingot of gold or silver is /^, or 880 thousandths, &o., 
fine, when -^j^, or 880 thousandths of it is pure silver or gold.) 
It results, then, from the enunciation, that 

l8t. 28 A^ at -825 = 23 X -825, or 18-975*. of pure rilver. 
2d. 14 k. at -910 « 14 x -910, or 12-740 k. " 

3d. 19 k. at -845 = 19 x -845, or 16-055 k, « 

^ 47-770 « 

Then, the 56 kilogrammes of the mixture contain 47-770 
kilogrammes of pure silver. Thus, the fineness of the new ingot 

47-770 
will be expressed by , or 0-853 ; that is, it is 853 thou- 

sandths fine. 

187. Mean or average values. — The determination of the 
m^an values of several things of different values, is a particular 
case of the rule of alligation c^ the first sort. 

We call the mean value of several things whose particular 
values are already known, the sum of the values of these things 
divided by their number. Thus, in the case of two things, the 
mean value is the half sum of the values of these things. 
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Example Third. — The length of a park was measured four 
different times. The first measurement gave 250*439 metres; 
the second, 250*695 metres; the third, 249*750 metres; finally, 
the fourth, 251*158 metres. Required, the length of the park? 

As none of the measurements agree, it is clear that the only 
means of answering the question is to find the average or mean 
value of all these measurements. We find for their sum, 
1002042 ; dividing this result by 4, we obtain 250*5105 metres . 
for the mean. 

Frohlems which, without depending on fixed or General Rules, 
can nevertheless he resolved arithmeticaUi/, 

188. In the preceding questions, the methods of arriving at 
the required solution are fixed and general ; that is to say, sus- 
ceptible of being applied to all questions of the same nature. 
But an infinite number can be proposed which come only in part 
under these methods, or do not in any manner depend upon 
them. In these cases, algebra alone furnishes sure and direct 
methods of resolution. Nevertheless, we will show how these 
sorts of questions can be resolved arithmetically. We have seen, 
(154), that, in order to analyse or resolve a problem, we must, 
hy reflecting upon the enunciation, endeavour to discover in the 
relations established among the numbers which enter it, the suc- 
cession of operations to be performed upon the knoivn quantities, 
in order to deduce from them the values of the unknown. 

Problem First — Required, a number, of which the half, 
third, fourth, and ^ths, added together, form the number 575 ? 

We commence by remarking that, to take the ^, \, \, and f , 
of any number, and add them together, is the same thing as 
multiplying this number by the sum of the fractions ^j \, \y and 
f , or by y^*. Now, since the product of the number sought 
by V/ must be equal to 575, it results from the definition of 
division, that this required number is equal to the quotient of 
575 divided by y/ ; and consequently equal to 575 x j%. 






. VNIVtk 



^; 
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Performing the operations indicated, we find 420 for the 
number. 

Verification, 420 

The half, ="210 

One-third, = 140 

One-fourth, = 105 

One-seventh, = 60 

One-seventh, = 60 

Total, ~576 

Problem Second, — Eequired, three numbers whose turn is 
equal to 96, and such that the second exceeds the first by 2, and 
the third exceeds the sum of the other two by 4. 

It is evident that, if we diminished the second number by 2, 
it would become equal to the first ; and that if we diminished the 
third by 2 -J- 4, or by 6 units, it would become equal to double 
the first; thus, the sum of the three numbers would be, after 
these two subtractions, four times the first number. 

Now, the difference between 96 and 2 + 4 + 2, or 8, is 88 ; 
whence, we see, that the first number is 

equal to one-fourth of 88 = 22 

Then the second is . . . . 22 -♦- 2 = 24 
And the third 22 X 2 + 6 = 50 

Verificationj 96 

Problem Third. — Three toorlcmen are employed to do apiece 
of work; the first could do it alone in 12 days, working 10 hours 
a day ; the second in 15 days, working 6 hours a day ; the third 
in 9 daysj working 8 hours a day. Required, \st. In what 
number of hours the three men working together can do the work; 
2d. What part of it each one will do ; 3d. How much each one 
ought to get for his labour, the price of the whole work being 

uos? 

Solution, — We observe that, according to the enunciation, 
the first workman could do the work in 12 X 10, or 120 hours ; 
then, in 1 hour, he could do y^^y of the work. The second could 
19 



218 TSKPBY OF'bATIOB ANP P|U>PPET|01f. 

do it in lb x 6, or 90 houm^ thus, 'm one hour, h% qpi|14 do ^js 
of it. The third would do it in 9 x 8, or 72 hours ; then in one 
hour he would do ^^ of it. These three workmen labouring to- 
gether would then, in 1 hour, do 

ih + iji + 72 = lioy or i\5 0^ *^« ^<>^^- 

Now, if in one hour they do -g^ of the yfprk, they would do 
the whole in 30 hours. 

Again, since in one hour the first workman does j^^, in 30 
hours, he will do j^^ X 30, or ^ = j'j. In the same manner, 
the second, in 30 hours, p^orpas ^ X 80, or ^ sb ^^. Finally, 
the third does yf^^x^O^ or ^i^. 

Then, to find the amount to be paid to each man, we must 
divide $108 into parts proportional to the three fractions, ^\, j^^, 
/j, or the three numbers, 3, 4, 6 ; which gives $27, $36, i^nd 
$45, for the respective wagesf of the labourers. 

EXEBOISSS. 

1. A vessel has provisions for only 19 days ; yet, by calcula- 
tions, 25 days must elapse before she can reach a port Required, 
how much the ordinary rations must be reduced ? 

2. Twenty workmen, working 15 days, 10 hours a day, exca- 
vated a ditch 65 yards long, by 2*30 yards wide, and -75 of a 
yard deep. Required, how many days it would ta^ke 36 ^len, 
working 12 hours a day, to dig a ditph 200 yards long, by 3 
yards wide, by 1-25. yards deep ; the difficulty of excavating the 
first earth being to that of the second as 3 to 4. 

3. For what period must $3000 be placed out at interest at 6 
per cent per annum, in order to bring $1325*50 1 

4. What is the rate of discount on a note of $2500, payable 
in 18 months, for which the sum of $1860*45 was paid in cash? 

5. Four partners inyestecl the s^m^ sum in s^n entei^^ise; 
th^ fui^ds of th^ first were in the ][>^sin€^ for 8 mpntlui; the 
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second for 7 months; the third for 10 months; and the fourth 
for 1 year. Divide the profit of J1800 proportionally to the in- 
vestments augmented by the interest on each, at the rate of 4 
per cent, per annum ? 

6. We wish to divide $ed,0(JO «tmbng thtee persons, so that 
the second shall have twice as much as the first, less $2500 ; that 
th^ third stiall have three times as tiiuch as the first, less $5000. 
What is thfe share of feach pterson ? 

7. Two pounds of copper, at 45 cents ; 7 pounds of zinc, at 
70 cents; 9 pounds of antimony, at 50 cents, are melted toge- 
ther. What is the, price of one pound of the allojr? 

8. A person was asked hoW mvtdh riioney he had in his purse. 
He answered, If you add to the sum which I have, |, f , and | 
of that sum^ I would then have 175 dollars. What dum of 
BicOldy has he ? 



EXAMPLES. 

For tbe convenience of teachers, we annex the following ex- 
amples for practice, as but. few are embodied in the work itself. 
These are chiefly selected from different practical compilations on 
arithmetic. 

Addition. 

Add together, 1225, 3473, 7581, 9064, and 6060. Arts. 
Add together, 3004, 523, 8710, 6345, and 784. Am. 19366. 
Add together, 7500, 234, 646, and 19760. Ans. 28140. 

Add together, 182796, 143274, 32160, 47047. Am. 405277. 
Add together, 66947, 46742, and 132684. Am. 246373. 





Snbtraetion. 




16844 
9786 


103034 
69845 


5987432 
278459 


7058 


33189 




7896600 
5403257 


5403257 
4250268 

MnltiplioatioiL 


5789232 
410204 


1st. Mnltiply 328 by 2. 
Multiply 745 by 3. 
Mnltiply 20508 by 5. 
Mnltiply 3605023 by 6. 
Mnltiply 9097030 by 9. 


Ans. 756. 
Ans. 2285. 
Am. 102540. 


4tji 




2d. Multiply 725 by 300. 
Multiply 35012 by 2000. 
Multiply 9120400 by 90. 
Multiply 4890000 by 36000. 


Ans. 217500. 
Ans, 70024000. 
Ans. 820836000. 
Am. 
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3d 



. Multiply 793 by 345. 


Am. 273585. 


Multiply 471493475 by 4395. 


Am. 2072213822625. 


Multiply 89999000 by 97770400. 


Ans. . 


Multiply 17204774 by 125. 


Ant. 2150596750. 


Multiply 3768 by 4230. 


Am. . 


Multiply 9648 by 5137. 


Am. 49561776. 


Bivinon. 




1^ DividiB 3788 by 2. 


Am. 1894. 


Divide 4736511 by 9. 


Am. 526279. 


Divide 78920 by 5. 


Am. 15784. 


Divide 864251 by 3. 


Am. 121417. 


Divide 34300 by 7. 


Am. 4900. 


2d. Divide 1203038 by 3679. 


Am. 327. 


Divide 49561766 by 5137 


Am. 9648. 


Divide 2150596750 by 125. 


Am. 17204774. 


Divide 71900715708 by 57149. 




^»M. 1258127. 5«m. 15785, 


Divide 78674 by 200. 


Am. 393 + 74 Rem. 


Divide 32500000 by 520. 


Am. 62500. 


Divide 36000000 by 3600. 


Am. . 


Divide 27489000 by 350. 


Am. 7854. 



t^nlgai^ FriEU)tibn8. 

EeducHon of Vulgar IVactions to a Oommoft Denoniinafor, 
Beduce | and $ to a common denominator. 

Arts, |g, |g. 
Kednce^ •}, |, and f to a common denominator. 

Arts. i{J, jj, 4j. 
Rednoe -^, ^, 4> and f; to a common denominator. 

^«*- irm- mh im> im- 

Bedttoe ^^ 4, ^^^y and f^y to a common denominator. 

Ans, — • . 

19* 
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Finding the Least Common Multiple. 

Find the least common multiple of 13^ 12, and 4. 

Ans. 156. 
What is the least common multiple of 11, 17, 19, 21, and 7 ? 

Ans. . 

Find least common multiple of 6, 9, 4, 14, and 16. 

Ans. 1008. 
What is the least common multiple of 1, 2, 8, 4, 5, 6, 7, 8, 9 ? 

Ans. 2520. 

Reduction of Fractions to the Least Common Denominator. 
Reduce ^, |, |, and |, to the least common denominator. 

-!«»• T«5- tV T*2. ii 

Reduce j^, -^^ and |, to the least common denominator. 

^^- /d\j, W\j. 118; 
Reduce ii j^ §> I? js; ^^^ ^|; to the least common denomina- 
tor. Ans. ^|, ||, ^g, |§, ||, ||. 

Reduce |, |, 3^, |, and -f^y to the least common denominator. 

Ans. . 

Reduce |, |, |, j^^, |, to the least common denominator. 

Ans, . 



Greatest Common Divisor. 

Find the greatest common divisor of 24 and 36. 

Ans. 12 
Find the greatest common divisor of 312 and 504. 

Ans. 24 
Find the greatest common divisor of 9024 and 3760. 

Ans. 752 
Find the greatest common divisor of 4410 and 5670. 

Ans. 630 
Find the greatest common divisor of 3775 and 1000. 

Ans, 

Find the greatest common divisor of 101 and 859. 

Ans. — 



VULGAR FRACTIONS. Zl 

Reduction of Fractions to their Simplest Terms. 

Keduce ^j^A ^ ^^ simplest terms. Ans, . 

Reduce i|g to its simplest terms. Ans. |^. 

Reduce |||^ to its simplest terms. Ans. |^. 

Reduce ^^jW to its lowest terms. Ans. j^^^j. 

Reduce || to its lowest terms. Ans. . 

Reduce |f J to its lowest terms. Ans. . 

Addition o/ Fractions. 

Add ^,4, and | together. Ans. y^. 

Add I, I, and \^ together. Ans. . 

Add /j, \^, 1, and y together. Ans. . 

Add 3^, I, |, and ^^^ together. Ans. 



Add j% I §, and I together. Ans. ijgf . 

Conversion of Fractions into Mixed or Entire Numbers, and 
vice versd. 

Reduce | to its equivalent whole number. Ans. 

Reduce f to a mixed number. Ans. 3^. 

Reduce >j^ to a mixed number. Ans. 3|. 

Get out the entire part of ^^. ' Ans. 24,^. 

Get out the entire number in y. Ans. 12|. 

Find the entire part in ^|f ^. Ans. . 

Reduce Ls^y^ to a whole or mixed number. Ans. . 

Bring 144| to a fractiopal form. Ans. 

Bring 47 1 to a fractional form. Ans. 

Reduce 31 y*^^ to a fractional form. Ans. \^, 

Add "yj, I, 3|, 4| together. Ans. 

Add 6y\, 2^, 4| together. Ans. 

Subtraction of Fractions. 

Subtract J + :J from i + l- Ans. 

From I take |. Ans. 

From 5| take 4| + j. ^n«. 

From f {| take ,'y. u4n«. 
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Multiplication of Fractions, 

1st. Multiply 4 by 8. 
Multiply I by 5. 
Multiply 4^ by S. 
M!ultiply I by 24. 

2d. Multiply 7 by J. 
Multiply 22 by f 
Multiply 15 by |. 

3d. Multiply I by I by 4. 
Multiply 3f by m 

Kequired the product of 5, |, ^y |, and |. 
Kequired the product of 4^, |, 4, and 18 1. 

Division of Fractions. 

1st. Divide \% by 9. 
Divide |4 by 7. 
Divide %\ by 37. 

2d. Divide 10 by §. 
Divide 7 by f |. 
Divide 28 by \\. 
Divide 16 by ^3. 



3d. Divide I by 4. 
Divide 4^ by 2f. 

Divide /-j^r by tII^- 
Divide 371^ by , j^. 



DENOMINATE NUMBERS. 
Fractions with Fractional Terms, or Complex Fractions. 

41 ^ 2 

Reduce ^| — | to a simple fraction. 

^7 + 2 

47 1 51 

Add P- ^ to ^. 

^^^ ol^ J takel 

Multiply ?P byl 

Divide ?i±iby4|. 

Fractions of Fractions ; or. Compound Fractions. 

Reduce ^ of | of | to a single fraction. 

Reduce ^ of | of ^, or | of 20 to a single fraction. 

Reduce \ of J^ of -^j^ to a single fraction. 

Add ^ of V to § of |. 

Multiply ^ of I by §| of 2. 

-Ijjproajimate Valuation of Fractions hy means of Fractions 
having Smaller Terms. 
Value III in twelfths. 

Find the approximate value ot ||f in ninths. 
Find the approximate vahie of |§| in eighths. 
Find the approximate value of ||| in tenths, in hundredths, 
in thousands. 

Denominate Ifombers. 
Reduction of Compound Numbers. 
1st. Reduce 59 lb. 13 dwt. 5 gr., to grains. 
Reduce £121 Os. 9^c/., to half pence. 
Reduce 365 days, 5A., 48', 48", to seconds. 
Reduce 5 miles, 3 furlongs, 1 pole, and 2 yards, to yards. 
Reduce 375 cwt. 292 lb. 5 oz.y to ounces. 
Reduce 77 A. 1 R. 14 P., to perches. 



226 is:iLAMpiJS8. 

2d. iind the eempomid number of pounds^ shilliti^ kad 

pence, in 5900 pence. 
Find the fititnber of tons, cirts., Ac, in B6825Z5s. 
Convert 123200 yards into a compound number, whose 

principal unit is miles. 
How many pounds, ounees, &e., in 704121 grains? 
In 5927050 minutes, how many weeks, days^ &c. ? 

8d. Reduce 25 days, 3 hoiirs, 5 minutes, to the fraction of a 
year. 
Reduce 3 furlongs, 2 poles, 3 yards, and 2 feet, to the 

fraction of a mile. 
Reduce 10 Ibs.y 12 oz,^ to the fraction of k cwt 
Reduce ^ a penny to the fraction of a pound. 
Reduce 4^ grains to the fraction of a pound Troy. 

4th. Convert | of a pound into shillings and pence. 
Convert ^^ of a year into days, hours, &c. 
Convert | of a iuile into a compound number of its lower 

denominations. 
Convert J of a pound Troy into oz., dwts., grs. 
Convert /^^ of a cwt into its equivalent compound niUEtf- 
ber. 

Addition of Compound Numbers, 

Form the following sums : 

(1) (2) (8) 

£. «. d, ydi. ft, inches, lib. oz, drs. 



149 


14 


7i 


5 


2 


6i 


17 


15 


15 


37 


11 


9| 


4 


1 


2| 


27 


14 


11 


69 


14 


7. 


81 





10| 


16 


13 


9 


64 


13 


10 


6 


1 


11 


to 








47 


14 


10^ 


51 


2 


5 


5 


6 


n 



Add ^ £ and | of a shilling together. 

Add I cwt. and ^ of an ounce together. 

Add ^ mile, | of a furlong^ | of a yird tc^et^ier. 
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Subtraction of Compound Number 8. 





a) 






(2) 






(3) 




£. 


«. 


d. 


», 


oz. 


<;r. 


fw- 


*W, 


y*?. 


5 


3 


10 


125 





10 


13 


84 


II 


2 


10 


11 


27 


1 


15 


l2 


39 



From 2 £ take 10 pence. 
From ^ yard take | inch. 
From I of a lb, take 2^ grains. 

Mvltiplication of Compound Numbers, 

Multiply £1 11«. 6c?. by St. 

Multiply £1 17«. 6c?. by 63. 

What is the cost of 9 cwt. 5 lbs, of sugar, at £1 11«. bd, per 

CiO<. f 

What is the cost of 7 yc7^. 2 y^. 3 tw. of cloth, at the price of 

£3 6s. ^d. per yard? 
Multiply 5 fee* 6 inches by 10 feet 10 inches. 
Multiply 7 yds. 2 feet 3 inches by 11 feet 10 inches. 
What is the cost of | yard of cloth, at | £ per yard ? 
What is the cost of 2 lbs, ^ oz, of a commodity which costs 

2s, ^d, per lb, f 

Division of Compound Numbers, 

Divide #69 JU M- bj 9- 

Divide £28 2s, l^d, by 6. 

Divide 376 miles, 2 fur., 7 poles, 2 yds., 1 foot, 2 in., by 3^. 

If 9^ yards of cloth cost £4 3«. 7^c?., wl^at is the price per 

yard ? 
A man's income is £140 a year ) what is it per diem ? 
K 2^ yards of cloth cost lO^s., what will | of a yard cost? 
If 66 Ihs, of sugar cost £4 2s, 4c?., what is the price per lb, ? 
Divide 126 square feet by 2 feet 10 inches. 
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Decimal Fractions. 
Numeration of Decimals. 

Write in figures tlie following numbers : — 

Eight; and two thousand seven hundred and seven ten mil- 
lionths. 

Forty-five, and seventeen hundred thousandths. 

One, and one hundred and one billionths. 

Twenty-four, and forty-five ten thousandths. 

Five thousand six hundred and eighty-two, and two ten mil- 
lionths. 

Five thousand and one ten millionths. 

Five hundred and one ten thousandths. 

Addition of Decimals. 

Add 01257, 25700101, 325605, 22056, 8-25, 2-207, and 
0-002256 together. 

Add 00009, 1-0436, 3, 002, and -028 t(^ether. 

Add 30739, 5867, 000000201, 25-06, 0-6, 0-21, 1-75, and 
•003 together. 

Add 28-29, 2-829, 0-2829, 311212105-6, 8112, -121056, 
4-0003, and -01 together. 

Subtraction of Decimals. 

From 27-06, subtract 2-05078. 

From 36055, take 0072530. 

From 9, take -9, -09, 009, and -0009, in succession. 

From 10-00001, take 011111112. 

From 27-854, take 25-9999. 

Multiplication of Decim^, 

Multiply -573005 by -000754. 
Multiply 2-01018 by 24. 
Multiply -356 by 12000. 
Multiply -55 by -55. 
Multiply 300001 by -00002. 
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What is the price of 52-756 yds. of cloth, at 10-06 shillings 
per yard ? 

What is the compound number of lbs. oz.y &c., in -625 of a 
cwt. ? 

How many shillings and pence in *3883 of a £ ? 

Convert -076 of a mile into yards, &c. 

Convert -04678 of a pound avoirdupois into oz, and dr. 

Division of Decimals, 

Divide 11-8652 by 2-303. 

Divide 3477421 by 1-03. 

Divide 0100001 by -01. 

Divide 22-0784 by -002. 

Divide 475-28677 by -4, by -04, by -004, by -0004, by 
•00004. 

Divide 1572-36620 by 980. 

Write the respective quotients of 28-79 by 10, 100, 1000, 
10000, 100000, -1, -01, -001, -0001, -00001. 

Divide -1 by 0001. 

Divide 9 by -9, by -09, by -009, by -005, by -00012. 

Convert -122 of a shilling into the decimal of a £. . 

Convert 0*98 of a lb. avoirdupois into the decimal of a cwt, 

Dit^de 94-0369 by 81-022. 

Conversion of Vulgar Fractions into Decimals^ and some 

Miscellaneous Examples, 
Reduce ^ to decimals. 
Eeduce 1| to decimals. 
Reduce \\ to decimals. 
Reduce yj§|j to decimals. 
Divide 10 by 563 into five decimal places. 
Convert the decimals 0-75, 0'25, 0*5, and 0*225 to their sim- 
plest form in vulgar fractions. 

Convert 10s. 6cZ. to the decimal of a £. 
Convert 9^ months into the decimal of a year. 
Convert 17 hrs. 10 min, 25 sec, to the decimal of a day. 
What is the compound number in £5-75 ? 
20 
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Decimal Denominate Numbers. 

What is the price of 82-125 metres of cloth, at J6-76 per 
metre. 

Multiply 89-767 metres by 2-25 metres. 

Divide 66787 square metres by 10 375 metres. 

Convert 53-84 metres into feet. 

Convert 520 -687 grammes into Ib^, avoirdupois. 

Convert 15 feet 6 inches into metres* 

Convert 25 lbs. 6 oz. avoirdupois into grammes. 

Convert 25° 36' 56" of the sexagesimal division of the circle 
into its equivalent in the centesimal. 

Convert 209° Fahrenheit's thermometer into its equivalent on 
the Centigrade. 

Different Systems of If nmerationi 

Convert 325 and 422 of the decimal sydtem into their equiva- 
lent numbers in the nonary system, and multiply them together 
in that system. 

Convert 101, 233, 22101, of the quaternary system, into their 
equivalent numbers in the system whose base is six. 

Multiply 3023 by 4012 in the quinary systetn, and convert 
the result into its equivalent in the decimal system. 

Add 10011, 1001110, 101101, 101111 of the binary system, 
and convert the result into its equivalent in the dedmal system. 

All the Divisors of a S uxiber. 

Find all the divisors of 2820. Number of divisors, 24. 

Find all the divisors of 38088. Number of divisors, 36. 
Find the divisors of 1764. 

Its factors are 2*X 3*x7*. No. of divisors, 27. 
Find the prime divisors of 1665. Ans. 3*, 5, 37. 

Find the prime divisors of 56700. Ans. 2»X 3*x 5«>c 7. 
Find the prime divisors of 122108 Ans. 2»x7*x 89. 
Find the prime divisors of 3329- Ant. 
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Greatest Common Divisor by Prime Factors. 

Find the greatest common divisor of X2321 ftnd 64345 by 
prime factors. 

Find the G. C. D. of 3775 and 1000. 
Find the G, C. D. of 24720 and 4155. 

Greatest Common Diyisor of Several Ifnmbers. 
Find the G. C. D. of 1260, 1512, 2016, and 7350, by the 
method of prime factors. 

Find the G. C. D. of 492, 744, and 1044. 
Find the G. C. D. of 216, 408, and 740. 

Periodical or R^eatii^ Decimals. 

Convert the vulgar fraction ^ into a peiiodical decimal. 

Convert ^^ into a periodical decimal. 

Convert |f | into a periodical decimal. 

Convert g^/jj into its periodical decimal. 

Find the generatrix or vulgar fraction corresponding to the 
decimal 099999 A7is. 1. 

Find the generatrix of the repeating decimal, 
0-012345679012345679 Ans. ^\. 

Find the generatrix of -987654320987654320 

Ans, If 

Find the vulgar fraction corresp<mding to the decimal, 
8-927783783 Ans. i^^^^. 

Find the vulgar fraction corresponding to the repeating deci- 
mal, 0-86538461538461. Ans, 4? 

Rule of Three. 

If I of a yard of cloth costs 10«. 6^., how many yards can be 
bought for £13 15s. 6<f. ? 

If 100 workmen can finish a piece of work in 22 days, how 
many will it require to finish the same work in 4 days ? 

If 10 cwt. c^n be carried 54 miles for 27 shillings, how many 
pounds can be carried 20 miles for the same money ? 
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If 15 yards of stuff, | yard wide, cost 27s. 6d., what will 40 
yards of the same stuff cost, one yard wide ? 

If the keeping a horse costs 87^ cents a day, what will it cost 
to keep 11 horses for one year ? 

A man breaks, owing $14,000*57, his property amounting to 
$7840-26. How much will his creditors receive in the dollar ? 

Compound Proportion —Eednction to Unity. 

If a man travels 150 miles in 4 days, travelling 12 hours a 
day, in how many days, travelling 11 hours a day, can he travel 
375 miles? 

If 150 bushels of corn feed 18 horses 75 days, how many 
days will 87 bushels feed 11 horses ? 

If 250 men, in 4 days, working 10 hours a day, dig a trench 
275 yards long, 3 yards wide, and 2 yards deep, in how many 
days, working 9 hours a day, will 25 men dig a trench 430 yards 
long, 4 wide, and 3 deep ? 

If a regiment of soldiers, consisting of 970 men, consume 350 
bushels of wheat in 4 months, how many soldiers will consume 
1500 bushels in 3 months, at the same rate ? 

If the transportation of 15 cwt., 2 quarters, 72 miles, cost 
$5*64, what will the transportation of 5 cwt., 3 qrs., 112 miles, 
cost? 

Enle of Simple Interest. 

What is the interest on $8079-74, for 5 years, at 6 per cent? 

What is the interest on $3750, at 4^ per cent, for 5J years ? 

What is the interest on $3375, for 5 months, at 6 per cent, 
per annum ? 

What is the interest on $4500, at 5 per cent, per annum, for 
280 days? • 

What is the interest on $3195-54, for 7 years, 6 months, and 
22 days, at 6 per cent, per annum ? 

What is the interest on £104*^ 3s. j for 3^ years, at 5 per 
cent. ? 
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What is the interest on $5556-25, for 2 years, 7 moaths, 21 
days, at 4^ per cent, per annum ? , ' 

In what time will 8500 bear an interest erf $500, at 6 per cent, 
per annum ? 

What must be the rate of interest in order that a sum put out 
at interest must double itself in 16 1 years. 

What sum put out at interest, at the rate of 6 per cent, per 
annum, wiU produce $575 ? 

Percentage. 

(We add a few questions, the solution of which is a simple 
application of the rule of proportion.) 

A man invested $12,000, aud lost 64 per cent, of it. How 
much had he left ? 

Two men had each $500, One spends 12^ per cent, of his 
money; the other 15 per cent, of his. How many more dollars 
did the last spend than the first ? 

A merchant laid out $250 as follows : — He pays 25 per cent, 
of his money for clothes; 30 per cent, of what is left for sugar; 
12 per cent, of what is then left for calicoes. How much had 
he remaining ? 

A man has $750, and spends $85. What per cent; of his 
money has he expended ? 

Out of a cask of 500 gallons, 60 gallons are drawn. What 
per cent, is this ? 

If I pay $756-75 for 5 hogsheads of tobacco, and sdl them 
for $965-25, what per cent, do I gain on the purchase-money? 

Eule of Pisoount. 

(Examples to be worked either by the usual rule, or by the 
accurate rule of Art. (181). 

A. has a note against B. for $5746, payable in 4 months. He 
gets it discounted at 7 per cent, per annum. How much does 
he receive? 
20* 
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A planter sold produce to the amount of $12,574, payable in 6 
months. He gets his note discounted at 6 per cent, per annum. 
How much does he receive ? 

For what amount must a note be drawn, payable in 1 year, 3 
months, and 5 days, so that, when discounted, its present value 
at 7 per cent, per annum shall be $507*27 ? 

What is the present value of $8250, payable as follows : — 
One-half in 4 months; one-third in 6 months; the rest in 9 
months } the rate of discount being 6 per cent, per annum ? 

What is the present value of $50T)0, payable in 9 months, the 
rate of discount being 4^ per cent, per annum ? 

I bought goods for $7500 in cash, and sold them for $9000, 
payable by a note in 6 months. What will be my gain, if I dis- 
count the note at 6 per cent, per annum ? 

Enle of Fellowship. 

A. and B. have gained by trading, $230. A. put into stock 
$300 ', B. $500. What is each one's share of the profit ? 

A. and B. have a joint stock of $4200, of which A. owns 
$3600, and B. $600 ; they gain in a year $2000. What is each 
one's share of the profits ? 

Three merchants, A. B. and C, freight a ship with 4340 
tons of coal. A. puts in 1350 tons ; B. 875 tons ; and C. the 
rest. -In a storm, the seamen were obliged to throw 500 tons 
overboard. How much of the loss must each merchant sustain ? 

A. put in trade $500 for 4 months, and B. $600 for 5 months ; 
they gained $240. Divide it between them in the compound 
ratio of the times and capitals. 

Four traders form a company. A puts in $400 for 5 months ; 
B. $700 for 8 months; C. $840 for 6 months; D. $1500 for 10 
months. They lose $1000. Divide the loss in the composite 
ratio of the times and sums invested. 

A. put $1500 in trade for 15 months with B,, who put in 
$1000 for 18 months. They gain $800. Divide the gain in the 
ratio of the two sums invested, increased by the interest for the 
two period^, at 6 per cent, per annum. 
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Enle of AlligatioiL 

A grocer mixes 80 gallons of whiskey, at 37^ cents, with 10 
gallons of water, costing nothing. What is the price of one 
gallon of the mixture. 

A man employed 500 workmen, 160 of whom receive wages 
at the rate of $2 a day; 200 at $1-75 ; and 140 at $1-50. What 
is the average per diem of each labourer ? 

A mixture being made of 5 Ih. of tea, at 6s. per lb. ; 19 lb. at 
10s. 6i7. per pound; and \blb. at 4s. 9c?. per pound. What is 
one pound of it worth ? 

On a certain day the thermometer indicated the following 
temperatures : — From 6 A. M. to 10 A. M., 65° ; from 10 A. M. 
to 1 P. M., 76° ; from 1 P. M. to 4 P. M., 87° ; from 4 P. M. to 
6 P. M., 70°. What was the mean temperature of the day ? 

Some General Questions. 

Divide $2000 among A. B. and C, so that B. may have $100 
more than A., and C. $70 more than B. 

Find two numbers such, that if we add 21 to the first, the re- 
sulting sum shall be 5 times the second number; and if we add 
21 to the second, the resulting sum shall be three times the first 
number. 

Two men are travelling on the same road, ia the same direc- 
tion ; the first is 50 miles ahead of the second. The first travels 
25 miles a day ; the second 35 miles a day. How many days 
must elapse before the second shall overtake the first ? 

The hour and the minute hands of a clock are exactly toge- 
ther, and it is between 4 and 5 o'clock. What o'clock is it 
exactly ? 

A reservoir of water has two cocks to supply it ; by the first 
alone it may be filled in 40 minutes ; by the second, in 50 mi- 
nutes; and it has a discharging cock by which it may, when 
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full, be emptied in 25 minutes. Now these three cocks being 
all left open, in what time will the cistern be filled ? 

A father devised J of his estate to one of his sons ; | of the 
remainder to another ; and the remainder to his wife. The sons' 
legacies differed by $500. What did the widow receive ? 

There is an island 73 miles in circumference, and three pedes- 
trians start together, to travel in the same direction ground it. 
A. goes 5 miles a day ; B. 8 ; and C. 10. In what time will 
they all come together again ? 

What number is that from which, if you take f of |, and to 
the remainder add ^^ of -^q, the sum wiU be 10 



NOTES. 

Note A 

We have spoken in (135) of the numhers in any system whose 
base is 6, which possess analogous properties to 9 and 11 in the 
decimal system. These numbers are h — 1 and 5 4- 1, and the 
properties which they enjoy are the following : 

1st. When the sum of the figures of any number whatever is 
divisible by 6 — 1, this number is itself divisible by Z> — 1. 

2d. Any number is divisible by 6 -f 1, when the difference 
between the sum of the figures in the odd places, counting from 
the right, and the sum of the figures in the even places is 0, or 
a multiple of & 4- 1- 

3d. The remainder of the division of a number by each one 
of the two numbers, h — 1 and h -{•!, is obtained in the first 
case by the aid of the sum of the figures ; and, in the second 
case, by the difference between the two sums of the figures of 
the odd places and those of the even places. 

We have indicated in (135) how these properties may be 
proved. 

Algebra furnishes also another means of demonstrating these 
properties, founded on the principles, — 

1st. That 6" — 1 is always divisible by ft — 1. 

2d. That &"* — 1 is divisible by 6 + 1, when m is an even 
number, and 5™ + 1 is divisible by 6 + 1 when m is odd. 

We give here the systems of numeration of the Greeks and 
Romans, with their notation, the latter being still used to indi- 
cate ordinal numbers at the beginning of Chapters, Sections, &c. 

(237) 
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In the Roman NotcUion. 

One was written with a single mark I. 

Two with two marks 11. 

Three with three marks HE. 

Four nil. 

Five was written TTTTT . 

And so on, to ten. 

Ten was written X. 

Two tens , , XX. 

Three t^ns „,,, XXX. 

And so on, to ten tens, the intermediate number being written 
by combining the two sets of characters. This being too com* 
brous, instead of writing five marks for the number five, they 
took the upper half of Uie ten (X) ot (V), to express it. And 
also the convention was adopted (in addition to the one adopted 
above, vi2., that like characters placed together indicate that the 
numbers thereby represented are to be added) that a character 
representing a smaller number, placed before a character repre- 
senting a larger number, indicated that the first was to be sub- 
tracted from the second, and placed after it ; or on the right, is 
to be added to it. Thus, V being five, |V would be four, and 
VI six, VII seven, |X nine, XI eleven, &c. 

Instead of writing ten X*s for one hundred, the character £ 
was adopted ; the lower half of this, |[, represented fifty. Then, 
instead of writing four X's for forty, it is written XL ; *hat is, 
fifty less ten; and sixty is written LX; seventy, LXX; eighty, 
LXXX^ but ninety, XC- These characters were afterwards re- 
placed by the letters which they resembled. I was put for 1 ; 
V for V; X for X; L for L^ C for C; D for the character re- 
presenting five hundred ; and M for one thousand. 

The fundamental operations upon numbers can be perf<»rmed 
very readily by the Roman notation, though the notation is by 
no means so simple and convenient as the Arabic. 



Example. — Add 
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COLXVIII. 

DCLXXin. 

CXLVII. 



MLXXXVin. 



It is obviously most convenient to begin on the right. Adding 
the Ffl, we find eight of them, or one V to be carried, and III 
remaining* We set down the III, and add the V to those in 
given numbers. We thus obtain three V*s, or one X and one V 
remaining, which we set down. We add the X to those in the 
given numbers, which come after the L's, taking care to subtract 
from this sum according to the convention of the notation, the 
X, which, in the third number, comes before L. We thus obtain 
three X's, which, as they do not make one of the denomination 
of L, we write down in the result. Adding the L's we obtain 
one C and one L, which we write down. Summing up the C's, 
we get five C's or one D, which we carry to the next column ; 
and, by adding the D's, we get M, or ten hundreds. The 
result ifi then MLXXXYIII. And so on for the other opera- 
tions. 

The Grreeks used their letters in several different ways to denote 
the different numbers. The most general system of notation was 
the following : — To express the 9 units, 9 tens and 9 hundreds. 
They divided the alphabet into three parts ; but, as the alphabet 
contained only 24 letters, three new signs were introduced, $' for 
six, ^ for 90, apd 9 for 900. All the numbers less than 1000 
were denoted by these letters and signs, with a small mark a 
little to the right above them. A similar mark under the letter 
represented thousands. Placing one letter after another indicates 
that they are to be added together. Thus, a'atel, t'=10, 0'=2, 
a^ = 1000, t^ = 10000, ^',= 2000, tV=ll, 4'/5' = 12, »'=20, 
%V = 21, x^ = 20,000, p'= 100, p, = 100,000, &c., &c., &c. 
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If ote B. 

Abridged Methods of Multiplication and Division. 

QaestioDs often arise which require the multiplication of two 
numbers containing a considerable number of decimal figures, 
while we wish only to regard a small number of the decimal 
figures of the product. It is important, then, to have a method 
of obtaining the product of any two decimals with the degree of 
approximation which the enunciation of the question requires, 
without being obliged to calculate all the partial products which 
the usual mode of multiplication renders necessary. 

This method is the abridged method, which we will now ex- 
plain. 

Let it be required, for example, to obtain to within less than 
one thousandth the product of the two numbers 

84-0783647 and 72-46538. 

We would attain the end proposed, if we could form a number 
which should contain all the thousandths and units of higher 
order contained in the total product. This we accomplish in the 
following manner : 



Operation Fi^oposed. 


Verification of the Operation. 


84-078364?' 


72465380 


8366427 


#46387048 


588548548 


579723040 


16815672 


28986152 


8363132 


1507257 


504468 


57972 


42035 


2173 


2520 


134 


672 


28 


6092-770^ 


4 



6092-770^ 
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We commence by placing fhe multiplier under the multipli- 
cand in an inverse order, and so that the figure 2, in the simple 
units place, shall fall under the figure of hundred-thousandths ; 
that is to say, under the figure holding the second place on the 
right of that whoise order indicates the degree of approximation 
required : then the figure 4 of its tenlJis falls under the figure of 
ten-thoitsandths of the multiplicand^ the figure 6 of its hun^ 
dredths under the figure of thousandths ; and so on for the rest. 

By this arrangement each figure of the multiplier corresponds 
to such a figure of the multiplicand, that the product of the two 
gives hundred-thousandths. Thus, the figure 7 of the tens of the 
multiplier corresponds to the figure of milUonths of the multi- 
plicand, and their product gives hundred-thousandths. In the 
same manner, if there were hundreds in the multiplier, the figure 
should be placed under the figure of ten-millionths of the multi- 
plicand. 

Having arranged the numbers thus, we multiply successively 
all the figures of the multiplicand, beginning on the right by 
each one of the figures of the multiplier, not taking any account 
of the figures of the multiplicand, which are situated on the 
right of the figure by which we are multiplying; and we place 
the products (considered as resulting from the multiplication of 
two entire numbers), one under the other, so that their simple 
units shall fall under each other. We add then all these pro- 
ducts, and separate on the right of the sum five decimal figures, 
and draw a mark across the last two. 

The part on the left of these last two figures is the required 
product. 

In order to see the reason of this mode of operating, and to 
convince ourselves that we obtain thus the desired degree of 
approximation, it suffices to remark that, at each partial multi- 
plication, we neglect several hundred-ihousandthsy the summation 
of which gives some ten-thousandths of error. But, admitting as 
an average, that we commit an error of 5 hundred-thousandths 
at each partial multiplication, we see that it would require 10 
partial multiplications, or 10 figures in the multiplier, in order 
21 



242 NOTES. 

that the error might reach 50 hundred-thousandths, or 6 ten- 
thousandths ; and 20 figures in the multiplier, in order that the 
error should be 10 ten-thousandths, or one thousandth. 

Verification of the Operation, 

In order to verify the result obtained, it is best to pursue the 
following method : — We take the multiplier for the multiplicand, 
and reciprocally, as the table of operation shows ; and we average 
the new multiplier as in the first operation ; we then perform the 
partial multiplications in the same manner, except some modifica- 
tions, which it is necessary to indicate. 

1st. We have placed a on the right of the new multiplicand, 
in order that the last figure, 8, of the new multiplier, may have 
its correspondent. 

2d. We have drawn a line across the first figure, 7, on the 
left of this multiplier, as it ought not to give any partial product 
according to the rule established above. 

3d. In each partial multiplication, we take care to add to the 
product of each figure of the multiplier, by the figure above 
which corresponds to it immediately, the figure to he carried, 
which is the product of this same figure of the multiplier by the 
figure which is on its right in the multiplicand. 

Thus, in the multiplication by the 4th figure, 7, of the multi- 
plier, we have added to the product of 5 by 7 the 2 units which 
would have to be carried up from the product of the 3 imme- 
diately on the right of the figure 5 by the same figure 7. 

4th. Filially, arrived at the figure, 7, of the multiplier, across 
which we have drawn a line, we have multiplied it mentally by 
the figure 7, which is on its right in the multiplicand, and we 
have written the figure, 4, to be carried, of this mental product, 
below the preceding product. 

This last modification ofiers two advantages : the first, that it 
lessens mucli the errors committed; and the second, that it 
uoablea us to judge whether it is necessary to alter by a unit the 
figure «i which the approximation stops, in order to obtain a 
|itor« exact results 
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In the example just discussed, we have found 47 for the last 
two figures of the first operation, while in the Terification we 
find 60. All the other figures are the same in both operations. 

Then, 6092*771 is the value of the required product to within 
less than a thousandth. 



We give an example a little more complicated, 
numbers be 



Let the two 



1307-510300896472 and 25610978641, 

of which we wish to obtain the product to within less than 
000001. 



Operation. 

1307-5103008964lJ'^ 
14687901652 



YerificattM, 

2561097864100 
jijfj^6980030157031 



2615020601792 


2561097864100 


653756150445 


768329359230 


78450618048 


17927685048 


1807510300 


1280548932 


117675927 


25610978 


9152570 


768829 


1046008 


2048 


78450 


230 


5228 


15 


180 


834866-18389^0 



334866-1838ji?f 

The result required is here 33486618389, to within less than 
000001. 

Example, — Find to within less than 001 the product of the 
two numbers 8991666 and 4719. 

Remark, — The method can be applied equally well to the 
approximate multiplication of two entire numbers. 
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Exarn^le. — Eequired the product of 470256497 by 2305687, 
to within less than a million, 

470256497-00 
7865032 



94051299400 

14107694910 

235128245 

28215384 

3762058 

329175 



1084264291^)4 1084264292 mmiom. 

We will certainly obtain the product to within less than a 
million, by taking account of the hundreds of thovsands and the 
tens of thousands ; that is, by calculating in the product two 
figures more than the number required. In order to do this, we 
arrange the multiplier below the multiplicand in an inverse order , 
and so that the figure 7, of its simple units, shall fall under the 
figure of ten^ of thousands in the multiplicand ; then, the tens 
figure 8, of the multiplier, will fall under the thousands figure 
of the multiplicand, &c. Nevertheless, as the figures in the 
hundreds of thousands and millions places would not have 
corresponding figures in the multiplicand, we supply their places 
by two O's annexed. 

We can also employ an abridged method of division, when the 
dividend and divisor are composed of a great number of figures. 
But, as this method requires, in order to be thoroughly discussed, 
developments which could not be given here, we will limit our- 
selves to giving an idea of the mode of operating. We commence 
by remarking that the process for finding the quotient of the 
division of two decimal fractions, with a given approximation, 
can always be reduced to finding the quotient of the division of 
two entire numbers to within less than unity. 

For, let it be proposed, for example, to find the quotient of the 
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divisioa of 1234-569 by 27-36894 to within less than 0001. 
According to the rule for the division of decimals, we must place 
two zeros on the right of the dividend, which reduces the opera- 
tion to the division of the two numbers, 

123456900 and 2735894, 

Then, as we wish to obtain the quotient with three decimal 
places, we place three new zeros on the right of the dividend, 
and perform the division, taking care only to separate three 
figures on the right of the quotient for decimals. 

The question is then to find the quotient of 123456900000 by 
2735894, and only regarding the entire part of the quotient. 
We are then led to explain the rule to be followed in the abridged 
division of two entire numbers. 

This rule, principally founded upon the fact that, according to 
the ordinary method, the determination of each one of the figures 
of the quotient most commonly 'depends only on the first two or 
three figures on the left of the dividend ; and the first two or 
three figures on the left of the divisors can be thus enunciated. 

Suppress on the right of the dividend as many figures, less 
two, as there are in the divisor ; divide then the part on the left 
hy the divisor, and if there is no remainder, annex to the quotient 
as many zeros as you have suppressed figures in the divisor. 

But if there is a remainder, divide this remainder hy the 
divisor, with the last figure on the right cut off. Nevertheless, in 
the multiplication of the new divisor hy the figure ohtained in the 
quotient, take care to add the figure to he carried, which the pro- 
duct of the figure cut off from the divisor hy this figure of the 
quotient would give. 

Divide then the new remainder hy the divisor, with its last two 
figures cut off, and proceed as hefore. 

Continue these successive divisions, suppressing at each division 
a new figure (m the right of the divisor, and stop the operation 
when the divisor is reduced to its first two figures on the left. 
21* 
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In order to render this method intelligible, we give both the 
ordinary and abridged method in the table. 

Ordinary Method. 



540347056789046 



26170115 
10919846 
25604697 
5265668 
24792099 
25004270 



2786459 



193918897 



27125984 
20478536 
973323 



Abridged Method, 



5403470567 I 89046 



26170115 
10919846 
25604697 



278j^? 



1939 I 18897 



526566 

247920 

25004 



2713 
"206 
"I2 



In the second operation, we separate five figures on the right 
of the dividend, since there are seven in the divisor; and we 
divide the part on the left by the divisor, which gives the first 
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four %ares of the quotient^ 1989^ and for the remainder, 
526566. 

This done, we draw a line across the last figure, 9, of the 
divisor, and divide 526566 by 278465; the quotient is 1, by 
which we multiply the divisor, adding 1 to the units figure of 
the product for the 9 suppressed in the divisor; we then sub- 
tract the product from the remainder, and thus obtain the new 
remainder, 247920. Cutting off a second figure of the divisor, 
we divide 247920 by 27864, and subtract from the dividend the 
product of 27864 by the quotient 8, this product being aug- 
mented by the 4 to 6c carried^ which the multiplication of 8 by 
the figure 5, which we have cut off, would give. We proceed in 
the same manner, until we get for the total quotient the number 
193918897, the same result which the ordinary method gives. 

Let us now apply the process to two decimal fractions, taking 
the example proposed above, to find the quotient to within less 
than 0-001. 

Ordinary Method, 

123456900000 2735894 



14021140 
3416700 
6808060 
13362720 
2419144 



45124 



Abridged Method, 



1234569 I 00000 

140212 

3418 

"682 

"l35 



272f/fcj^4 



45124 
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HaTing first reduced the operation to that of entire nnmbn»y 
we remark, that as the seven figures of the dividend, which re- 
main after the suppression of as many figures, less two, as there 
are in the divisor, do not contain the divisor, it is necessary in 
the commencement to cut off the last figure, 4, of the dividend, 
and divide 1234669 by 273589. 

We then continue the operation until we obtain 45124, on the 
right of which we separate three figures for decimals. This gives 
45*124 for the required quotient to within less than 0*001. 
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